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OCIS: This paper successfully applied F-expansion algorithm to obtain highly dispersive optical solitons
060.2310 with cubic-quintic-septic nonlinearity. Bright, dark and singular solitons and their combinations
060.4510 thereof are listed. Their respective existence criteria are also indicated. Additional solutions such
060.5530 as periodic singular solutions as well as results in terms of Weierstrass elliptic function are also
190.3270 revealed from the scheme.
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1. Introduction

Dispersive optical solitons are studied when dispersive effects are dominantly present. There are quite a few models that been
studied in this context. One is the Schrodinger-Hirota's equation that is obtained from the familiar nonlinear Schrédinger's equation
(NLSE) through Lie symmetry. Other models studied are cubic-quartic solitons [1-4], Fokas-Lenells equation, Biswas—-Arshed
equation [5,12]. This paper will address highly dispersive optical solitons where inter-modal dispersion (IMD), third-order dispersion
(30D), fourth-order dispersion (40D), fifth-order dispersion (50D) and sixth-order dispersion (60D) terms are present in addition to
the usual group velocity dispersion (GVD). The type of nonlinearity that will be studied in this paper is cubic-quintic-septic (CQS)
type. This is an extension of Kerr type nonlinearity. In the past, highly dispersive solitons have been addressed with Kerr law, power
law and quadratic-cubic law of nonlinearity [6-8]. There are a variety of mathematical formalisms that can handle such kind of
problems [1-20]. This paper will pick up F-expansion scheme to handle the model. A wide variety of soliton solutions will emerge
from the scheme and, as a byproduct, a plethora of additional solutions will fall out. These are all listed throughout the paper. After a
quick intro to the model, the details are chalked out.

1.1. Governing model

The dimensionless form of NLSE with CQS law in presence of dispersion terms of all orders is [6-8]:
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iq, + i q, + @Gy, + 183Gy + Qaluny + 185Gy + 6% + (01 19 + b2 Igl* + b3 1g1®)g = 0. )]

Here, in (1), q(x, t) represents soliton molecules and other forms of nonlinear waves where x and t are independent spatial and
temporal variables respectively. The first term represents linear temporal evolution, while a4, as, as, a4, as and ae are coefficients of
IMD, GVD, 30D, 40D, 50D and 60D respectively. Next, b, b, and b; together comprise CQS law. The complex-valued function q(x, t)
is the wave profile that represents the dependent variable. The coefficients are all real-valued constants and i = ~/—1.

2. Mathematical analysis

In order to launch the integration process, the starting hypothesis is:
q(x, £) = g(5)e?™n, @
where g(¢) gives wave structure with
¢=x—Vt, 3)
where v is the speed of the wave and
¢(x, t) = —xx + wt + 6. ()

From the phase part ¢, « is the soliton frequency, w is its wave number and 0 is the phase constant. After inserting (2) into (1) real part
reads off to be:

— (@ + x(—a; + x(ay + k(a3 — k(a4 + ask) + agk>))))g + bi1g> + byg° + bag’
+ (@ + 3a3x — 6a4x% — 10asx® + 15a¢x*)g” + (a4 + 5asx — 15a4k2)g™@ + asg® = 0. 5)

Next, the imaginary part implies

v — @ + 2a% + 3a3x2 — daux® — 5asx* + 6a¢k5)g + (—az + 2x(2ay + 5x(as — 2a¢x)))g” — (as — 6asx)g® = 0. 6)
From (6), the constraint condition that falls out is:

as = 6agx, )
and then the other constraint condition comes out as:

o= 41 (3a4 + 5asx)
T 3 : (8)

Thus the soliton speed reads as:
v=a — 20k — 8k3(ay + 2asx). ()]
Consequently, by virtue of (7) and (8) the real part changes to:

—x(6w — 6a1k + 6ayk% + 18a4x* + 35asx°)g + 6byxg® + 6bykg> + 6bskg”
+ 3x(2a; + 12a4%2 + 25a5x3)g” + 3x(2ay + 5asx)g® + asg® = 0. (10)

The real part equation, indicated by (10) will be now analyzed by F-expansion scheme [10,11,16] in the subsequent section.

3. F-expansion scheme

To proceed, one assumes a solution of (10) is given in the form

N
g() = D, oFI(s),
Z;n ! a1

where ¢; are constants to be fixed and also F = F(¢) provides

(F')> = PF* + QF? + R, (12)
along with constants P, Q and R. Balancing g’ with g in (10) yields N = 1. Thus (11) becomes

8(6) = ¢ + & F (5. (13)

Plugging (13) into (10), compiling the coefficients of F, and handing the resulting system one gets
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— — €2 + 3b1xP
=0 = [_a+3biP
S ! 3bax3 + 5boxQ

9b2xP €3 + 3b1 €3 3 + by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3> + 5xQ)) + as ¢5)

w= - 12b2kP (5Q + 3x2)2 ’
_ 9b2xP + baP (5Q + 312)(6azx + a5 (91Q% + 252P R + 150x2Q + 75¢4)) + 3b1 £,
da= = 12b2xkP (5Q + 3x2)2 >
b 30as (9b1xP (6b2x + by (5Q + 3x2)(6azx — as €1)) + €2 (b2 (5Q + 3x2)(as €1 — 6azx) — 18b2x))
3= s

P(6axx — as £1)3
where
6= 259Q% — 252P R + 210x%Q + 15x*
0= \JxP?(9b7K + 2b,(5Q + 3x3)(6a,% — aséy))

&= Q%+ 12PR + 6x2Q — 3x*
&= —9Q% + 10x?Q + 3(4PR + x*)

&= 81Q* + 24PQ°R + 3024P?R? + 180x2Q(3Q? + 4P R) — 6x*(23Q? + 156P R) — 100x°Q — 15x%.

In view of these results one has the following solution of the model (1):

€2 + 3b1KP .
)= | ————F —xx + wt + 0)].
q(x, 1) ‘/3b2x3+ 5b,%0 () expli(—rx + wt + 6)]

3.1. Jacobi elliptic function solutions

Jacobi elliptic function solutions for the model using the solutions of (12) are revealed as below:

Case1:P=m? Q=-(1+4+m?», R=1, F() =snc,

€2 + 3b1kP
3bax3 + 5b2xQ

XWPL{_HF_tﬁwa+m@&+mmm+kmM@a7mmﬂ+xmn%@j[+9}}

q(x, H= sn[x — (a1 — 2a,x — 8x3(as + 2asx))t]

12b2xP (5Q + 312)2

Case2: P=—-m?% Q=2m?>-1, R=1-m? F()=cng,

€2 + 3b1kP
3bax3 + 5b2xQ

XWPL{_H__Cﬁw%+m@&+mmw+RMW@a7mmﬁ+umH%@j[+9}}

qx, )= cnfx — (@ — 2ax — 8x3(as + 2asx))t]

12b2xP (5Q + 3x2)?

Case3:P=1, Q=—-(1+4+m?, R=m? F()=nsc,

€3 + 3b1xP
3b2i3 + 5bpxQ

X exp [i {—1cx _ (9b12KP€3 +3b1 0203+ b2P(5Q + 3x2)(6x (a2 £4 — 2a1 (33 + 5xQ)) + a5 05) )t n 6} ] .

q(x, t)= ns[x — (a1 — 2a,x — 8%3 (a4 + 2asx))t]

12b2%P (5Q + 3k2)2

Case4:P=1, Q=—-(1+m?, R=m? F()=dcg,

_ &3+ 3b1xP _ _ _e.3
q(x, t)= ETo st dc[x — (a; — 2a,x — 8x(ay + 2asx))t]

X exp [i {—Kx _ (9b12KP6’3 +3b1 0203+ b2P(5Q + 3x2)(6x (a2 £4 — 2a1 (313 + 5xQ)) + a5 65) )t + 6} ] .

12b2xP (5Q + 3x2)?

Case5:P=1-m? Q=2-m? R=1, F()=sce,

2, + 3b1xP

2P sc[x — (a1 — 2a,x — 8x3(ay + 2asx))t
3o + 55220 [ (¢ ) (a4 + 2asx))t]

q(x, )=

g

X exp i{—

12b2xP (5Q + 3x2)?

Case6:P=1, Q=2-m% R=1-m? F() =csg,

3

€ + 3bjxP

cs[x — (a1 — 2a,x — 8x3(ay + 2asx))t
3o + 55270 [ (a 7) (a4 + 2asx))t]

q(x, )=

x exp [i {—Kx B (9b12KP€3 +3b1 €2 03+ byP(5Q + 3x2)(6x (az 4 — 201 (313 + 5%Q)) + a5 65) )t + 6} ] .

12b2xP (5Q + 3x2)2

899

(9b12KP¢’3 +3b1 0203+ by P (5Q + 3x2) (61 (az €4 — 2a1 (33 + 5kQ)) + as 65) )t + 6} ]

14)

(15)

1e6)

a7

18

(19)

(20)

(21)

(22)
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Case7:P=1/4, Q=(1-2m?»/2, R=1/4, F() =nsc * csg,

22+ 3b1xP
3byx3 + 5boxQ

« exp [i {—xx B (91712@@3 +3b1 0203+ by P (5Q + 3x2)(6x (a2 €4 — 2a1 (33 + 5%Q)) + a5 05) )t + 6} ] ‘

q(x, t)= (ns[x — (@ — 2a,x — 8x3(as + 2asx))t] £ csx — (a; — 2a,x — 8x3(as + 2asx))t])

12b2xP (5Q + 3x2)?
Case8: P=(1-m?»/4, Q=Q01+m»/2, R=Q1Q-m?/4, F() =ncc * scg,
q(x, t)= w (nc[x — (a1 — 2a,% — 8x3(ay + 2asx))t] + sc[x — (a1 — 2a,x — 8x3(as + 2asx))t])
3bax” + 5baxQ

. 9b2KP €3+ 3b1 €263 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5)
X exp|i{—xx — >3 t+6}|.
12bpxP (5Q + 3x~)

Case 9: P=m?/4, Q= (m?>-2)/2, R=m%4, F)=sn¢ + icng,
qx, )= % (sn[x — (@ — 2a,x — 8x3(as + 2asx))t] £ icn[x — (a1 — 2a,x — 8x3(as + 2asx))t])
2K 2K

X exp [i {_Kx B (Qbkaez 3616263 + byP(5Q + 3 (6 (a2 &4 — 201 (31 + 5¢Q)) + a5 e;—,))t . 6} ]

12b2xP (5Q + 3x2)?

Case 10: P = m2/4, Q= m* - 2)/2, R=1/4, F(@)= 1jnd;g’
q(x, D= 2>+ 3b1kP sn [x — (a1 — 2a2x — 83 (a4 + 2a5x))t]
s 3byx3 + 5byxQ 1+ dn[x — (a1 — 2a2% — 8x3(aq + 2as%))t]

. 9b2KP €3+ 3b1 €2 €3 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3> + 5xQ)) + as b5)
X exp|iq{—xx — >3 t+6}|.
12b2xP (5Q + 3x2)

Case11: P= —1/4, Q=@m?>+1)/2, R=QQ - m?®?/4, F()=menc * dng,

€3 + 3b1xP
3bai3 + 5bpxQ

. 9b2xP 03 + 3b1 €2 €3+ by P (5Q + 312) (61 (az 64 — 2a1 (3x3 + 5 &
xexp[l{—xx—( £xP €3+ 3b1 62 63+ baP(5Q + 3x*)(6x (a2 €4 — 2a1 (3x° + 5xQ)) + as 5))t+6}].

q(x, )= (men[x — (a1 — 2a,x — 8% (a4 + 2asx))t] + dn[x — (a1 — 2a,x — 8% (a4 + 2asx))t])

12b2xP (5Q + 3x2)2

Case 12: P=(1 —m®)*4, Q=(@m>+1)/2, R=1/4, F(l) =dsc + csg,

[): €2 + 3b1xP

—2TE (ds[x — (@) — 2a:% — 8x3(as + 2a5%))t] £ cs[x — (a1 — 2a,x — 8x3(as + 2a5%))t])
3box> + 5bakQ

q(x,

% . 9b2xP €3+ 3b1 €2 €3 + b P (5Q + 3x2)(6x (a2 €4 — 2a1 (3> + 5xQ)) + a5 &5) (40
eXp|i fex 12b2xP (5Q + 3x2)? + :

_ mZQZ _ _ sz _ Q
Q<0 R= 1+ m?)?2p’ F(9) N a+mdp Sn(\l 1+m? g),

— €2 + 3b1xP _ m*Q __Q _ _ _ 3
q(x, t)= T3+ 500 Tamdp sn( oo [x — (a1 — 2a,% — 83 (a4 + 2a51c))t])

X exp [i {_Kx B (gbfxpes +3b1 6263+ byP(5Q + 3c3)(6x (a2 4 — 2a1 (363 + 5¢Q)) + as €5))t + 6} ]

Case 13: P > 0

12b2xP (5Q + 3x2)?

. _ a-mHe? _ [ @ Q
Case14:P <0, Q >0, R FO = -5 dn(\/ g),

T (m*-2?%p’ 2—m?

_ oH+3biP [ Q Q _ _ Q3
qx, t)= \/3b2x3+5bsz P dn(\/zim2 [x — (qp — 2a,% — 8x3(ay + 2a51<))t])

X exp [i {—Kx _ (9b12KP6’3 +3b1 0203+ b2P(5Q + 3x2)(6x (a2 £4 — 2a1 (313 + 5xQ)) + a5 65) )t n 6} ] .

12b2xP (5Q + 3x2)?

Case15:P=1, Q=m?>+2 R=1-2m>+m*, F()= 208

sng

q (X t)_ £+ 3b1xP  dn[x— (a1 —2a2x — 8x3(aq + 2asx))t] cn [x — (a1 — 2a2x — 83 (aq + 2asx))t]
’ 3bai3 + 5bpxQ sn [x — (a1 — 2apx — 8x3 (a4 + 2asx))t]

. 9b2xP €3 + 3b1 €2 €3+ by P(5Q + 312 (6% (az 64 — 2a1 (3x3 + 5 &
xexp[l{—xx—( £xP €3+ 3b1 62 63 + b2 P (5Q + 3x*)(6x (a2 €4 — 2a1 (3x° + 5xQ)) + as 5))t+6}].

12b2xP (5Q + 3x2)2

Cp_ A2(m-1)? _ omi+1 _ (m-1)7? _ dngeng
Case 16: P = 4 ’ Q= 2 +3m, R= 442 2 F(g) T A(l+ sn¢)(1+msng)’

900

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)
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_ €3 + 3b1xP
X, t)= —_—
q ( ’ ) \ 3bai3 + 5bpxQ

dn [x — (a1 — 2azx — 83 (a4 + 2asx))t] cn [x — (a1 — 2azx — 83 (agq + 2asx))t]
A(1 + sn [x— (a1 — 2ap% — 8%3(ag + 2as5x))t])(1 + msn [x — (a1 — 2axx — 8x3 (a4 + 2asx))t])

X exp [i {—xx B (9bfo€3 +3b1 €2 03+ byP(5Q + 3x2)(6k (a2 4 — 201 (313 + 5%Q)) + a5 65) )t + 6} ] .

12b2xP (5Q + 3x2)2

(32)
. _ 4 _ 2 _ 3 4 2 __ mecng dng
Case17: P=—, Q=6m-m’-1, R=-2m’+m'+m’ F()=""2"",
(x t)— &)+ 3b1kP  mecen|[x—(a; — 2a2x — 813 (aq + 2asx))t] dn [x — (a1 — 2a2x — 8«3 (aq + 2asx))t]
qx, 1)= 3ba13 + 5b2xQ msn? [x — (a1 — 2azx — 813 (aq + 2a5%))t] + 1
. 9b2xP €3 + 3b1 €3 €3+ by P (5Q + 3x2)(6x (a2 €4 — 2a1 (33 + 5xQ)) + as ¢5)
Xexp|lq—ix — 12b2KP (5Q + 3x2)2 trep)
2 (33)
D _1-22m? _ _ _sng
Case 18: P=1/4, Q=-——, R=1/4 F(@) =1
q(x, )= 3 + 3b1xP sn [x — (a1 — 2a2x — 8x3 (a4 + 2asx))t]
’ 3byx3 + 5byxQ 1+ cn[x— (a1 — 2azx — 83 (as + 2asx))t]
. 9b2KP €3+ 3b1 €2 €3 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3> + 5xQ)) + as b5)
X exp|iq{—xx — L2byeP (50 + 322 t+ 6}
2KP (5Q + 3k 34)
Case19: P=1=" Q=1%m p-1-m  py- o
P P=— =5 =4 > §)= 1+ sng’
qCx, b= 0, +3b1xP__ cn[x— (a1 — 2azx — 8x3 (a4 + 2asx))t]
’ 3byx3 + 5bpxQ 1 snx— (a1 — 2a2x — 8x3(as + 2asx))t]
. 9b2KP €3+ 3b1 €2 €3 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3> + 5xQ)) + as b5)
X exp|iq{—xx — by GO+ 322 t+6}|.
2 23 (35)
Case 20; P= 2=7=2m o _ ™ _q _gp  po2zmodm o opey_ miscens
ct T 4 2 -2 1> - 4 4 §)= snZ¢+ (14 my)dng—1—m’
_ €3 + 3bjxP
X, t)=  |————
q ( ) 3byi3 + 5bpxQ
m? sn [x — (a1 — 2ap% — 8x3 (a4 + 2asx))t] cn [x — (a1 — 2axx — 83 (a4 + 2asx))t]
sn? [x — (a1 — 2azx — 8x3(ag + 2a5%))t] + (1 + my) dn [x — (a1 — 2a2% — 8x3(ag + 2a56))t] — 1 —my
. 9b2xP €3 + 3by €3 €3+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3> + 5xQ)) + as ¢5)
Xexp|lq—ix — 12b2xP (5Q + 3x2)2 LHOr|
2 (36)
where m; = V1 — m?.
. _ 2-m?+2m _m72_ _M _ mzsngcn;
Case 21: P = 4 4 Q_ 2 1+ 3m, R= 4 ’ F(g) - sn?g+ (=1 +my)dng—1—my’
_ €2+ 3b1xP
X, t)= |————
q ( ) 3bax3 + 5b2xQ
% m? sn [x — (a1 — 2ap% — 8x3 (a4 + 2asx))t] cn [x — (a1 — 2a2x — 8x3 (a4 + 2asx))t]
sn? [x — (a1 — 2axx — 813 (aq + 2a5x)t] + (=1 + my)dn [x — (a1 — 2az% — 83 (aq + 2as5x))t] — 1 — my
. 9b2xP €3+ 3by €2 3+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3> + 5xQ)) + as ¢5)
X exp|iy—rx — 12b5xP (5Q + 3x2)? LHOf|
2 37)
| B2-¢? .
. p_ Cm*—B*+CH)m? + B2 _ m?+1 _ m-1 _ B T
Case 22: P= ="~ =5, Q=" R=gon, FO) =000 —
| B2-c?
)= [ VG2 * S0~ (1~ 200w~ 8°@a + 2asi)]
qx, 3b213 + 5byxQ Ben[x— (a1 — 2azx — 8x3(aq + 2a5%))t] + C dn [x — (a1 — 2a2x — 8x3(aq + 2a5%))t]
. 9b2KP €3+ 3b1 €2 €3 + baP(5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5)
X exp|iq—rx — 12bxP (5Q + 3x2)? LHOr|
2 (38)
[CPm? 4 B2-c2 en¢
. p_ B+Cm? _1 2 _ 1 _\ B2+C%m2
Case 23: P=~——, Q=;-m, R= 5 o5 F@)="—1"—"
|c2m2 + B2 - 2
0 T V‘W + en [x — (a1 — 2a2% — 8x3(aq + 2a5%))1]
g%, 3byx3 + 5baxQ Bsn[x— (a1 — 2a2% — 813 (aq + 2asx))t] + C dn [x — (a1 — 2azx — 83 (ag + 2as%))t]
. 9b2KP €3 + 3b1 €2 63 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5)
Xexpjiy—xx — 2)2 t+0or |
12b2xP (5Q + 3x2) (39)

Prct
Case 24: p = 2+C m Re - gt i T
ase24: P="—, Q=7-1 R= .55, FO="—"ca—

H]

901
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[(B2+C2— C2m2
[BZHC7=CmT [x — (a1 — 2a2x — 8x3 (a4 + 2asx))t]

q(x l)= €3 + 3bjxP \“ B2+ C2
’ 3byx3 + 5byxQ Bsn[x— (a1 — 2a2x — 813 (aq + 2asx))t] + C cn [x — (a1 — 2a2x — 8x3(a4 + 2asx))t]

. 9b2xP €3+ 3b1 €3 3+ by P (5Q + 3x2)(6x (a2 €4 — 2a1 (33 + 5kQ)) + a5 &
Xexp[l{—xx—( { kP €3+ 3b1 62 63+ b2 P (5Q + 31*)( k(azzg a1 (313 + 5kQ)) + as 5))t+ 9}]
12boxP (5Q + 3x~)

(40)
3.2. Weierstrass elliptic function solutions
Upon recapitulating, Weierstrass elliptic function is described as [14]:
1 1 1
% (2 w1, W) = -t Z ( > = 2}
z (mAZ(0.0} (z + 2mw; + 2nw,) 2mw, + 2nw,) 41)
Weierstrass elliptic function solutions to the model by the help of the solutions of (12) in [15] are acquired as follows:
4 4 1 1
Case 25: g, = 4(Q? = 3PR), g = 22(-2Q* + 9PR), F() = [} (s & 8 - 20,
_ 2 + 3b1xP 1 _ _ _ 3 . _ 1
q(x, )= 3023 5byx0Q \/P [@([x (a1 = 24 — 81> (a4 + 2as5x))t]; & g3) 3Q]
. 9b2xP €3 + 3by €3 €3+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3x> + 5xQ)) + as ¢5)
X exp|i{—wx — 53 t+ 6}
12b2xP (5Q + 3x2) (42)
e =402 _ — Q_»pn2 = 3R
Case 26: g, = ;(Q° — 3PR), g = (-2Q°+ 9PR), F(s) /350(g;gz,g3)—Q s
qx, )= 05+ 3b1xP 3R
’ 3bai3 + 5bpxQ 3¢ ([x— (a1 — 2a2x — 813 (aq + 2asx))t];8.83) — Q
x exp| i —x 9b12J<P€3+3b1€2€3+b2P(SQ+3K2)(61{(a22€;—2a1(3x3+ 5kQ)) + as &5) tvoll
12b2%P (5Q + 312) 43)
. _ _ 5QD+4Q2+33PQR __ 21Q%D — 63PRD + 20Q3 — 27PQR _ J12Rp(5:85.83) + 2R(2Q + D)
Case 27: g, = — 12 s 8T 216 s F@) = 129 (385,83 + D ’
(x [)— 05+ 3P V12R@ ([x — (a1 — 2azx — 8x3(aq + 2as5x))t]; g5, 83) + 2R(2Q + D)
g, b= 3b2i3 + 5bpxQ 129 ([x — (a1 — 2a2% — 8x3(ag + 2a5x))t]; g2, 83) + D
. 9b2xP €3 + 3by €3 3+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3> + 5xQ)) + as ¢5)
X exp|i{—wx — 53 t+ 6}
12b2xP (5Q + 3x4) (44)
P o) -1 _o? _ JRI6pGge9+Ql
Case 28: g, = [;Q* + PR, g = ;;Q(B6PR ~Q), F()=—7 7" 7,
(x, )= 2>+ 3P VRI[6% ([x — (@1 — 2a2% — 813 (as + 2a51))t]; 8, 83) + Q]
g% 3bax3 + 5bxQ 3¢ ([x— (a1 — 2az% — 83 (ag + 2a57))t]: 8, 83)
. 9b2KP €3+ 3b1 €2 63 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3> + 5xQ)) + a5 ¢5)
X exp|i{—xx — >3 t+6}|.
12b2xP (5Q + 312) 45)
.o = L2 - L —0? = 3G
Case 29: g, = Q>+ PR, g =;-QB6PR-0Q%, F(5)= Tlop G+’
x, )= €3+ 3b1xP 390’ ([x — (a1 — 2a2x — 8x3 (a4 + 2a5%))1]; 8. 83)
g% 3bax3 + 5bpxQ VP [6% ([x — (a1 — 2azx — 83 (a4 + 2a5%))t]; g5, 83) + Q]
. 9b2xP €3+ 3b1 €263 + baP(5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5)
X exp|i{—xx — >3 t+6}|.
12b2%P (5Q + 312) (46)
- 0 _ 2Q? _Q _ QJ-15Q/2P 9 (58,8
Case 30: R = w0 &= &=, F(5) = TR Gnmie
(x, t)= 22+ 3b1kP QY=15Q/ 2P @ ([x — (a1 — 2azx — 8x3(ag + 2a5%))t]; 85, 83)
qe 3oy 4 5byrQ 340 ([x— (a1 — 2000~ 8 (ag + 205018, 85) + Q
. 9b2xP €3+ 3b1 €263 + baP(5Q + 3x2) (61 (a2 £4 — 2a1 (3 + 5xQ)) + a5 ¢5)
X exp|i{—xx — >3 t+ 6}
12b2xP (5Q + 3x~) (47)

3.3. Soliton and other solutions

In limiting case, if the modulus m — 1, the following bright, dark and singular solitons, the combined solitons, and complexiton
solutions are secured:
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q(x, )=

q(x, )=

q(x, )=

Solutions (48)—

q(x, )=

q(x, )=

Optik - International Journal for Light and Electron Optics 182 (2019) 897-906

€3 + 3b1xP
3bai3 + 5bpxQ

tanh[x — (a; — 2a,x — 81> (as + 2asx))t]

. 9bxP €3 + 3by €3 3+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3x> + 5xQ)) + as ¢5)
X exp|i{—xx —

12b2xP (5Q + 3x2)2

€3 + 3b1xkP
3bax3 + 5bxQ

sech [x — (a1 — 2a,x — 8% (a4 + 2asx))t]

X exp

il e 9b2KP €3 + 3b1 €2 63 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5)
12b2xP (5Q + 312)2

22+ 3b1xP
3byx3 + 5boxQ

coth[x — (a; — 2a,x — 8x3(ay + 2asx))t]

X exp 12b7xP (5Q + 3x2)?

; { o (9b12;<Pé3 +3b1 0303+ by P (5Q + 3x2) (61 (az €4 — 2a; (33 + 5kQ)) + as f5)

(50) are dark, bright and singular solitons respectively.

©2 + 3b1xP
3bax3 + 5b2xQ

sinh[x — (@, — 2a,x — 8x3(as + 2asx))t]

. 9b2xP €3+ 3b1 €263 + by P (5Q + 3x2) (61 (a2 €4 — 21 (33 + 5xQ)) + a5 ¢5)
X exp|i{—xx —

12b2xP (5Q + 3x2)?

€3 + 3b1xP
3byx3 + 5baxQ

csch [x — (a; — 2a,% — 8x3 (a4 + 2asx))t]

X exp 12b7xP (5Q + 312)2

i{ o ( 9b2xP 63+ 3by €2 €3+ by P(5Q + 3x2)(6x (a2 4 — 2a1 (3163 + 5Q)) + as 65)

Solution (52) is the second form of singular soliton solution to the model.

q(x, )=

q(x, )=

€3 + 3b1xP
3byi3 + 5bpxQ

X exp

il e 9b2xP €3 + 3by €3 3+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3x> + 5xQ)) + as ¢5)
12byxP (5Q + 31%)?

%

[N
%
1
N
R

3bax + 5b2kQ

2430 (oogh [x — (@ — 2a,x — 8x3(as + 2asx))t] + sinh[x — (a; — 2a,%

X exp 12boxP (5Q + 3x2)2

; { o (9b12xpe3 +3b1 6263+ by P(5Q + 3x2)(6x (a2 €4 — 2a1 (313 + 5kQ)) + as &5)

Solution (53) and (54) also represents singular solitons.

q(x, )=

Then, solution

q(x, )=

qlx, t)= 2

qlx, )= 2

Next, (57) and

03+ 3b1kP

27 (tanh[x —
3byx3 + 5boxQ ( [

X exp[i{—xx -

(55) represents complexiton solutions.

9b2xP €3+ 3b1 €2 €3 + b P (5Q + 3x2)(6x (a2 €4 — 2a1 (3> + 5xQ)) + a5 £5)
12b2xP (5Q + 3x2)?

tanh [x — (a1 — 2a2x — 8x3 (a4 + 2a5x))t]

€3 + 3b1xP
3byx3 + 5byxQ 1+ sech [x — (a1 — 2a2% — 8x3 (a4 + 2a5%))¢]

. 9b2KP €3 + 3b1 €2 63 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3> + 5xQ)) + a5 ¢5)
X exp —Kx — 3
12bxP (5Q + 3x4)

€2 + 3b1xP

_ G243k (@ — _ 3
a1 500 sech [x — (a1 — 2a,x — 8x*(ay + 2asx))t]

. 9b2KP €3 + 3b1 €2 63 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3> + 5xQ)) + a5 ¢5)
X exp|i{—xx — 3
12bxP (5Q + 3x4)

&2+ 3b1xP

_ 27 SUIKE — — —_ 3
T2t b0 csch [x — (a1 — 2a,x — 8x3 (a4 + 2asx))t]

. 9b2xP €3+ 3by €3 3+ by P(5Q + 3x2)(6x (a2 £4 — 2a1 (3x> + 5xQ)) + as ¢5)
X exp|i{—rx — 3
12b2xP (5Q + 3k)

(58) are bright and singular solitons respectively.
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®

)+e}

v}

Jio)

)+e}

b

Jivo)

)+]

(coth[x — (a1 — 2a,x — 8x3 (a4 + 2asx))t] + csch[x — (a; — 2a,x — 8% (a4 + 2asx))t])

— 8x3(as + 2asx))t])

(a1 — 2a3% — 8x3(ay + 2asx))t] + isech[x — (@, — 2a,x — 8x3(ay + 2asx))t])

>

=l

ool
)+l

B

5

(48)

49

(50)

(51)

(52)

(53)

(54)

(55)

(56)

(57)

(58)
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q(x, )=

q(x, )=
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€2 + 3b1xP _Q _Q — — — 3
Tt 0 5 tanh( B [x — (g — 2a,x — 8x3(ay + 2a5k))t])

. 9b2xP €3+ 3b1 €263 + baP(5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢s)
X exp|i{—xx —

12boxP (5Q + 3x2)2

¥ bk 4/—% sech (\/Q [x — (a1 — 2a,% — 813 (a4 + 2asx))t])

3bax3 + 5b2xQ

X exp 12b2xP (5Q + 3x2)2

; { o (gbfxpeg +3b1 2 €3 + by P(5Q + 312)(6x (a2 €4 — 2a1 (313 + 5xQ)) + a5 £5)

)i o)
Jiv o)

(59

(60)

Again (59) and (60) are dark and bright solitons respectively. The dark soliton exists for Q < 0 and P > 0 while the bright soliton is

valid for Q > Oand P < 0.

_ €2 + 3b1kP _ _ _ 3
qlx, t)= 2 /731)27(3”1)27(0 csch2[x — (a; — 2a,x — 8x3(ay + 2asx))t]

X exp [i {—Kx B (9b12;<Pe3 +3b1 0303+ by P (5Q + 3x2) (61 (az €4 — 2a1 (33 + 5kQ)) + as f5) )t + 6} ] ’

12b2xP (5Q + 3k2)2

Equation (61) represents singular solitons.

q(x, )=

q(x, )=

1 €2 + 3b1kP

exp(—2[x — (a1 — 2a,x — 8x3(ay + 2asx))t])

AN 3byx3 + 5b2%Q

. 9b2KP €3+ 3b1 €263 + baP(5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5)
X exp|i{—xx —

12b2xP (5Q + 312)2

€2 + 3b1xP 3
279 gsech2[x — (a; — 24,k — 8x>(a. 2asx))t
3o + 55270 [ (@ 7 (a4 + 2as%))t]

X exp 12b7xP (5Q + 3x2)2

; { o (%f;&e@ +3b1 0203+ by P(5Q + 3x2)(61c (az €4 — 2a1 (33 + 5kQ)) + as b5)

(61)

)t+ 6} s
] (62)

)t+ 9} s
] (63)

Equation (63) is another form of bright solitons.

q (X [)= €3 + 3b1xP tanh[x — (a1 — 2a2x — 83 (a4 + 2asx))t]
’ 3box3 + 5byxQ 1+ sech[x— (a1 — 2a2x — 8x3 (a4 + 2asx))t)
X 9b2KkP €3+ 3b1 £2 63 + by P(5Q + 3x2)(6k (a2 £4 — 2a1 (3% + 5xQ)) + a5 £5)
xexp|i{—xx — t+ 6},
p [ { ( 12b2xP (5Q + 3x2)? +
q (x t)= €3 + 3b1xP sech [x — (a1 — 2azx — 83 (aq + 2asx))t]
’ 3byx3 + 5bxQ 1= tanh[x — (a1 — 2a2x — 8x3 (a4 + 2a5%))1]
sexpl il = — 9b2KP €3+ 3b1 €2 63 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3 + 5xQ)) + as b5) (40
p 12b2xP (5Q + 3x2)2 ’
_ 5+ 3b1P x— (a1 — 2a3% — 83 (a4 + 2a5))t
q(x, t)= : coth B
3bax + 5b2xQ
[ . 9b2xP €3+ 3b1 €2 €3 + baP(5Q + 3x2) (61 (a2 £4 — 2a1 (3 + 5xQ)) + a5 ¢s) 1
xexp|i{—wx — t+ 6},
p { ( 12b2xP (5Q + 3x2)? +
q (x’ l)= _ €3 + 3b1xP tanh x = (a1 — 2a2x — 8x3 (a4 + 2asx))t
3byx3 + 5boxQ 2
[ . 9b2xP €3+ 3b1 €263+ baP(5Q + 3x2) (6K (a2 €4 — 2a1 (3 + 5xQ)) + a5 ¢s) 1
xexp|i{—xx — t+ 6},
p { ( 12b2xP (5Q + 3x2)? +

Finally, (66) and (67) respectively represent singular and dark solitons to the model.

=l

1 €2 + 3b1xP 3
X, t)= —2 =1 explx — (a1 — 2axx — 8x° (a4 + 2asx))t
qx, 1) B+C\ 3ye® 4 5byxQ pl (@ 7) (a4 s%))i]
scexn | id e — 9b2xP €3+ 3b1 €263 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5)
p 12boxP (5Q + 3x2)?

[g2
|—==— + sech [x — (a1 — 2a2x — 8x3(a4 + 2asx))t]

q(x, )= 02+ 3b1kP \B24+c?

’ 3byx3 + 5byxQ Btanh[x—(a; — 2ax — 8ic3(ag + 2asx))t] + C sech [x — (a1 — 2azx — 83 (a4 + 2asx))t]

. 9b2xP €3 + 3by €3 3+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (3x> + 5xQ)) + as ¢5)
X exp|i{—xx — 53
12b2%P (5Q + 3x2)
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3.4. Trigonometric function solutions
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However, when m — 0, periodic waves, periodic singular waves and a combination of such solutions appear as:

_ ¢2 + 3b1xP . 3
X, t)= |—="—"——sin|x — (a; — 2a,x — 8x°(a 2asx))t
qe D= L2 sinfx - (@ — 2a,x — 8 (@ + 2a5%))1]
« exp [i {—Kx B (9b12KP€3 +3b1 0303+ baP(5Q + 3x2) (61 (az €4 — 2a1 (33 + 5kQ)) + a5€5))t + 6} ]
22 )
12b2xP (5Q + 3x2) (70)
_ 63+ 3b1xP 3
x, )= |21 cos|x — (g — 2a,x — 8x>(a. 2asx))t
g = |[S2EMT coslx — (a1 — 2a; (a4 + 2a50)1]
scexn | id = — 9b2xP €3 + 3b1 €3 3+ by P (5Q + 3x2)(6x (a2 €4 — 2a1 (33 + 5xQ)) + as ¢5) t+6
p 12b2xP (5Q + 3x2)2 ?
(71)
_ €2 + 3b1xP 3
x, )= |71 csclx — (a1 — 2a,x — 8x°(a 2asx))t
qx, t) 3593 4 5b7%0 [ (o > (as + 2asx))t]
sexpl il = — 9b2KP €3+ 3b1 €2 €3 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (3> + 5xQ)) + a5 b5) (40
p 12b2%P (5Q + 3x2)2 ’ (72)
_ €2 + 3b1xP _ _ _ 3
q(x, t)= Bt 0 sec[x — (@ — 2a,x — 8x3(ay4 + 2asx))t]
s expl il - — 9b2KP €3 + 3b1 €2 63 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5) (40
p 12b7xP (5Q + 312)2 ’ (73)
_ €2 + 3b1kP 3
= [ tan|x — — 2 - 2
q(x, t) FTavE tan[x — (q; ax — 8x3(as + 2asx))t]
scexn | id—x — 9b2xP €3+ 3b1 €263 + by P (5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢5) t+6
p 12b2xP (5Q + 3x2)? ’ 74)
— €3 + 3b1xP _ -2 _ 3 2
q(x, t) Tt 0 cot[x — (o4 ax — 8x3(as + 2asx))t]
X exp -l' {—Kx _ (lesz& +3b1 0203+ b2P(5Q + 3x2)(6x (a2 €4 — 2a1 (313 + 5xQ)) + asgs))t + 6} i
2)2 )
| 12b2xP (5Q + 3x~) ] (75)
qx, t)= % (cscx — (@ — 2ax — 8x3(ay + 2asx))t] + cot[x — (@, — 2a,x — 8x>(as + 2asx))t])
X exp 71, {—Kx _ (gbIZKP€3 +3b1 6263+ by P (5Q + 3x2)(6x (a2 €4 — 2a1 (363 + 5xQ)) + ases))t + 6} 1
22 )
] 12b2%P (5Q + 32 ] (76)
q(x, t)= % (sec[x — (a; — 2a,x — 8x3(ay + 2asx))t] + tan[x — (@, — 2a% — 8x3(as + 2asx))t])
« ex 71, o — 9b2xP €3 + 3by €3 63+ by P (5Q + 3x2)(6x (a2 £4 — 2a1 (36> + 5xQ)) + as ¢5) t40 1
p 12b2xP (5Q + 3x2)? ’
| | (77)
q(x, t)= % (sin[x — (a1 — 2a,x — 813 (a4 + 2asx))t] + icos[x — (@ — 2a,% — 8x3 (a4 + 2asx))t])
« ex _i o — 9b 2P £3 + 3b1 €3 63+ by P (5Q + 3x2) (61 (a2 €4 — 2a1 (313 + 5xQ)) + a5 &5) (40 ]
p ] 12b2xP (5Q + 3x2)2 ’ (78)
_ 1 €2+ 3b1xP . _ _ _ 3
q(x, t)= 2\ 055 b0 sin[x — (a; — 2a,x — 8x*(ay + 2asx))t]
« ex _i o — 9b 2P ¢3+ 3b1 €3 €3+ by P (5Q + 3x2) (6K (a2 €4 — 2a1 (313 + 5xQ)) + as f5) (40 ]
p ] 12b2xP (5Q + 312)2 ] ’ (79)
qx, )= i % (sec[x — (a1 — 2a,% — 8x3(ay + 2asx))t] — tan[x — (a; — 2a,x — 8x3(as + 2asx))t])
scexn | id e — 9b2KP €3+ 3b1 €2 €3 + baP(5Q + 3x2) (61 (a2 €4 — 2a1 (33 + 5xQ)) + a5 ¢s) t+6
p 12b2xP (5Q + 312)2 ’ (80)
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|B2-c? +sin[x — (a1 — 2a2x — 83 (aq + 2asx))t]
q (x t)= 6, +3bixP N B2
’ 3byx3+ 5byxQ  Beos[x — (a1 — 2a2k — 8x3(as + 2as5x))t] + C

X exp [i {_Kx B (9bfxpeg 3616263 4+ byP(5Q + 3 (6x (a2 4 — 21 (31 + 5¢Q)) + a5 €5))t . 6} ]

12b2xP (5Q + 3x2)2

(81)
P

O+3bP N B2
3byr3+5byxQ  Bsinfx — (a1 — 2azx — 8x3(as + 2a5x))t] + C

« . 9bxP €3+ 3b1 €263+ by P (5Q + 3x2)(6x (a2 64 — 2a1 (3% + 5¢Q)) + a5 &5) t+6
eXp|t e 12b2xP (5Q + 3x2)2 ’

q (x t)= €2 + 3b1xP 2
’ 3byx3 + 5byxQ Bsin[x — (a1 — 2axx — 8x3(aq + 2asx))t] + Ccos[x — (a1 — 2azx — 8x3(ag + 2asx))t]

« exp [i {—Kx _ (91:12;(?@3 +3b 0203+ byP(5Q + 3x2)(6rc(az €4 — 2a1 (33 + 5%Q)) + as &5) )t + 6} ]

+ cos[x — (a1 — 2axx — 83 (aq + 2asx))t]

q(x, )=

(82)

12b7xP (5Q + 3x2)2

(83)

4. Conclusions

This paper studied highly dispersive optical solitons with CQS nonlinearity. The F-expansion algorithm yielded a plethora of
solutions. They are of various types including soliton solutions. Bright, dark and singular as well as their combination types of solitons
are obtained. Other solution types included are in terms of Weierstrass elliptic functions, periodic singular solutions and complex-
itons, just to list a few. The results appeared all across the spectrum. This project thus stands on a strong footing to carry out
additional studies with the model. Later, this model will be studied in birefringent fibers, DIWDM systems, magneto-optic waveguides,
optical couplers, metamaterials and other such devices. In addition, the current model will be further analyzed with fractional
temporal evolution or stochastic coefficients as well as studies will be conducted with additional laws of nonlinearity. All such studies
will yield marvelous and novel results that will be gradually disclosed.
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