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Abstract This paper obtains soliton solutions to opti-
cal couplers by two methods. These are sine–cosine
function method and Bernoulli’s equation approach.
There are four laws that are touched upon in this paper.
These are Kerr law, power law, parabolic law and dual-
power law. The first integration scheme is applicable

M. Mirzazadeh
Department of Engineering Sciences, Faculty
of Technology and Engineering, East of Guilan,
University of Guilan, 44891-63157 Rudsar-Vajargah, Iran

M. Eslami
Department of Mathematics, Faculty of Mathematical
Sciences, University of Mazandaran, Babolsar, Iran

E. Zerrad
Department of Physics and Engineering, Delaware State
University, Dover, DE 19901-2277, USA

M. F. Mahmood
Department of Mathematics, Howard University,
Washington, DC 20059, USA

A. Biswas (B)
Department of Mathematical Sciences, Delaware State
University, Dover, DE 19901-2277, USA
e-mail: biswas.anjan@gmail.com

A. Biswas
Department of Mathematics, Faculty of Science, King
Abdulaziz University, Jeddah 21589, Saudi Arabia

M. Belic
Science Program, Texas A & M University at Qatar,
PO Box 23874, Doha, Qatar

to Kerr and power laws only where bright soliton solu-
tions are retrievable. The second tool is applicable to
parabolic and dual-power laws only that leads to dark
and singular solitons for these two nonlinear media.

Keywords Solitons · Integrability · Couplers

1 Introduction

Theory of solitons in optical fibers is a very rich area of
research in the field of nonlinear dynamics, in particular
nonlinear optics [1–50]. There are several papers that
describe the dynamics in optical fibers using a plethora
of integration schemes. It is about time to change gears
for the time being. This paper focuses on soliton solu-
tions in nonlinear directional optical couplers. Three
types of couplers will be the focus in this paper. They
are twin-core couplers, couplingwith nearest neighbors
and coupling with all neighbors. Each type is studied
with four nonlinear forms. These are Kerr law, power
law, parabolic law and dual-power law.

This paper considers the governing nonlinear
Schrödinger’s equation with spatiotemporal dispersion
(STD) in addition to the usual group velocity disper-
sion (GVD). STD makes the model well posed as
pointed out during 2012 [17]. Therefore, it is imper-
ative to study NLSE in couplers as well as in fibers
with STD term included. It must be noted that optical
couplers have been studied earlier by ansatz scheme
and other methods [1,6–9,43]. There are a couple of
different integration schemes that will be exploited, in
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this paper, to retrieve soliton solutions for these kind of
couplers. There are several constraint conditions that
will be listed for these soliton solutions to exist. It will
be clearly noticeable that Kerr and power laws retrieve
bright soliton solutions only, while parabolic and dual-
power laws give dark and singular soliton solutions.
Such are the limitations of the schemes adopted in this
paper.

2 Integration algorithms: an overview

There are two integration algorithms that will be imple-
mented in this paper. These are sine–cosine function
method andBernoulli’s equationmethod. The first inte-
gration scheme is applicable to Kerr and power laws
of nonlinearity for all three kinds of couplers, while
the second integration scheme is applicable to par-
abolic and dual-power laws of nonlinearity. After a
brief overview of these schemes, we will dive into the
extraction of soliton solutions for all kinds of couplers
from the next section.

2.1 Sine–cosine function method

A partial differential equation (PDE)

P(u, ut , ux , uxx , uxt , utt , . . .) = 0, (1)

can be converted to an ordinary differential equation
(ODE)

Q
(
U,U ′,U ′′, . . .

) = 0, (2)

upon using a traveling wave variable u(x, t) =
U (z), z = x − vt. If possible, integrate Eq. (2) term
by term one or more times. This will reduce the order
of Eq. (2). For simplicity, the integration constants can
be set to zero. The solutions of the reduced ODE can
be expressed in the form

U (z) = λ cosβ(μz), |z| ≤ π

2μ
, (3)

or in the form

U (z) = λ sinβ(μz), |z| ≤ π

μ
, (4)

where λ, μ, and β are parameters that will be deter-
mined, μ and v are the wave number and the wave
speed respectively. These assumptions give

(
Un)′′ = −n2μ2β2λn cosnβ(μz)

+ nμ2λnβ(nβ − 1) cosnβ−2(μz), (5)

and
(
Un)′′ = −n2μ2β2λn sinnβ(μz)

+ nμ2λnβ(nβ − 1) sinnβ−2(μz). (6)

Using (3)–(6) in the reducedODEgives a trigonometric
equation in cosK (z) or sinK (z) terms. The parameters
are then determined by first balancing the exponents of
each pair of cosines or sines to determine K . We next
collect all coefficients of the same power in cosK (z)
or sinK (z), where these coefficients have to vanish.
This gives a system of algebraic equations among the
unknowns β, λ, v and μ that will be determined. The
solutions proposed in (3) and (4) follow immediately.

2.2 Bernoulli’s equation method

Let us present the algorithm of Bernoulli’s equation
approach for finding exact solutions of nonlinear PDEs.
We consider the nonlinear PDE in the following form:

P1 (u, ut , ux , uxx , . . .) = 0. (7)

Using traveling wave u(x, t) = U (z), z = x − vt
carries Eq. (7) into the following ordinary differential
equation (ODE):

P2 (U,−vUz,Uz,Uzz, . . .) = 0. (8)

The Bernoulli’s equation approach utilizes the follow-
ing steps:

Step-1 We look for exact solution of Eq. (8) in the
form

U =
N∑

l=0

Al (G(z))l (9)

where Al(l = 0, 1, . . . , N ) are constants to be deter-
mined later, such that AN �= 0, while G(z) has the
form

G(z) = δ

2

{
1 + tanh

(
δ

2
(z + z0)

)}
(10)

a solution to the Bernoulli’s equation

G ′(z) = δG(z) − G2(z) (11)
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where δ is an arbitrary constant.
Step-2 We determine the positive integer N in Eq.

(9) by considering the homogeneous balance between
the highest order derivatives and the nonlinear terms in
Eq. (8).

Step-3 We substitute Eq. (9) into Eq. (8) and cal-
culate all the necessary derivatives Uz,Uzz, . . . of the
unknown function U (z) as follows:

Uz =
N∑

l=1

All(δ − G)Gl , (12)

Uzz =
N∑

l=1

All
{
(1 + l)G2 − δ(2l + 1)G + lδ2

}
Gl ,

(13)

and so on. Substituting Eqs. (9), (12) and (13) into Eq.
(8), we obtain the polynomial

E2[G(z)] = 0. (14)

Step-4 Collecting all the terms of the same powers of
the function G(z) in the polynomial (14) and equating
them to zero, we obtain a system of algebraic equa-
tions which can be solved by computer programs such
as Maple and Mathematica to get the unknown para-
meters Al , δ and v. Consequently, we obtain the exact
solutions of Eq. (7).

3 Twin-core couplers

The governing equation for twin-core couplers is given
by [6–9,43]

iqt + a1qxx + b1qxt + c1 F
(
|q|2

)
q = k1r, (15)

irt + a2rxx + b2rxt + c2 F
(
|r |2

)
r = k2q. (16)

Equations (15) and (16) represent the coupled NLSE,
with GVD and STD, that governs soliton propagation
through twin-core optical fibers, typically for non-Kerr
lawmedia. Thefirst term, for both equations, represents
the evolution term. The coefficients of GVD are al ,
while the coefficients of STD are bl for l = 1, 2. Then,
cl represents the coefficients of nonlinearity where the
functional F gives the type of nonlinearity that will be
studied. Here, F

(|q|2) q : C �−→ C. Considering the
complex planeC as a two-dimensional linear space R2,

the function F
(|q|2) q is k times continuously differ-

entiable, so that

F
(
|q|2

)
q ∈

∞⋃

m,n=1

Ck
(
(−n, n) × (−m,m) ; R2

)
.

(17)

On the right-hand sides of (15) and (16), constant k1, k2
represent the coupling coefficients. In order to study
integrability of these equations by sine–cosine function
method and Bernoulli’s equation approach, the follow-
ing solution structure is selected.

q(x, t) = P1(x, t)e
iφ(x,t), (18)

r(x, t) = P2(x, t)e
iφ(x,t) (19)

where Pl(x, t) (l = 1, 2) represents the amplitude
component of the soliton solution,while the phase com-
ponent φ(x, t) is defined as

φ (x, t) = −κx + ωt + θ. (20)

Here, κ is the frequency of the solitons while ω rep-
resents the wave number and θ is the phase constant.
Substituting (18) and (19) into (15) and (16) and then
decomposing into real and imaginary parts gives

al
∂2Pl
∂x2

+ bl
∂2Pl
∂x∂t

+ Pl
(
blωκ − ω − alκ

2
)

+ cl F(P2
l )Pl − kl Pl = 0, (21)

and

(1 − blκ)
∂Pl
∂t

+ (blω − 2alκ)
∂Pl
∂x

= 0, (22)

respectively. Here, l = 1, 2 and l = 3 − l. Under the
traveling wave transformation

P1(x, t)=U1(τ ), P2(x, t)=U2(τ ), τ = B(x − vt)

(23)

we have

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ cl F(U 2
l )Ul − klUl = 0, (24)

and

{−v(1 − blκ) + blω − 2alκ} B dUl

dτ
= 0. (25)

Now, from Eq. (25), we get

v = blω − 2alκ

1 − blκ
. (26)

Now, equating the two values of the soliton speed
leads to
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a1 = a2 (27)

and

b1 = b2. (28)

The speed of the soliton therefore reduces to

v = bω − 2aκ

1 − bκ
. (29)

The coupledNLSE for twin-core couplers given by (15)
and (16) modifies to

iqt + aqxx + bqxt + c1 F
(
|q|2

)
q = k1r, (30)

irt + arxx + brxt + c2 F
(
|r |2

)
r = k2q. (31)

where a1 = a2 = a and b1 = b2 = b. Consequently,
the Eq. (24) changes to

(a − bv)B2 d
2Ul

dτ 2
+Ul

(
bωκ − ω − aκ2

)

+ cl F(U 2
l )Ul − klUl = 0. (32)

3.1 Kerr law nonlinearity

For Kerr law nonlinearity, F(s) = s. The model equa-
tions (30) and (31), for twin-core couplers with Kerr
law nonlinearity, reduce to [6–9,43]

iqt + aqxx + bqxt + c1|q|2q = k1r, (33)

irt + arxx + brxt + c2|r |2r = k2q. (34)

Therefore, real part equation (32) is

(a − bv)B2 d
2Ul

dτ 2
+Ul

(
bωκ − ω − aκ2

)

+ clU
3
l − klUl = 0. (35)

Using the assumption

Ul(τ ) = λl cos
β(μτ), (36)

in Eq. (35), we obtain

(Ul)ττ = −μ2β2λl cos
β(μτ)

+μ2λlβ(β − 1) cosβ−2(μτ). (37)

Substituting Eqs. (36) and (37) into Eq. (35), we have

λl

{
−(a − bv)B2μ2β2 + bωκ − ω − aκ2

}
cosβ(μτ)

+ λl(a − bv)B2μ2β(β − 1) cosβ−2(μτ)

+ clλ
3
l cos

3β(μτ) − klλl cos
β(μτ) = 0. (38)

Using the balance method, by equating the exponents
and the coefficients of cosK (·), we get

β(β − 1) �= 0, (39)

3β = β − 2, (40)

λl(a − bv)B2μ2β(β − 1) + clλ
3
l = 0, (41)

λl

{
−(a − bv)B2μ2β2 + bωκ − ω − aκ2

}

− klλl = 0. (42)

Solving the system (Eqs (39)–(42)) simultaneously, we
get the solution set

β = −1, (43)

v = clλ2l + 2aB2μ2

2bB2μ2 , (44)

ω = 2aκ2λl − clλ3l + 2klλl
2λl(bκ − 1)

. (45)

Next, equating the two expressions for the soliton wave
number from (45) for l = 1, 2 gives

λ1λ2

(
c2λ

2
2 − c1λ

2
1

)
= 2

(
k2λ

2
1 − k1λ

2
2

)
. (46)

Equating the two expressions for the soliton speed v

from (44) implies

λ1

λ2
=
√
c2
c1

, (47)

which immediately prompts the constraint

c1c2 > 0. (48)

The amplitudes of the solitons are given by the non-
linear coupled system (46) and (47). This shows that
nonlinear terms from two components of NLSE must
bear the same sign for bright solitons to exist.

Finally, equating the two expressions for the soliton
speed v from (29) and (44) implies

B = ±
√

(1 − bκ)cl
2μ2

(
b2ω − aκb − a

)λl , (49)

which introduces the constraint

(1 − bκ)cl
(
b2ω − aκb − a

)
> 0. (50)
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Consequently, we obtain singular periodic solutions
with periodic blow-ups:

q(x, t) = λ1 sec

[√
(1 − bκ)c1

2
(
b2ω − aκb − a

)λ1

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]

ei(−κx+ωt+θ),

(51)

r(x, t) = λ2 sec

[√
(1 − bκ)c2

2
(
b2ω − aκb − a

)λ2

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]

ei(−κx+ωt+θ)

(52)

where ω is given by Eq. (45). These periodic solutions
will exist provided the constraint condition given by
(48). Additional constraints that must also remain valid
are

bω �= 1, (53)

bκ �= 1, (54)

bω �= 0, (55)

which follows from (26), (44) and (45).
It is easy to see that solutions (51) and (52) can

reduce to bright soliton solutions given by

q(x, t) = λ1sech

[√
(bκ − 1)c1

2
(
b2ω − aκb − a

)λ1

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]

ei(−κx+ωt+θ),

(56)

r(x, t) = λ2sech

[√
(bκ − 1)c2

2
(
b2ω − aκb − a

)λ2

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]
ei(−κx+ωt+θ)

(57)

where ω is given by Eq. (45). The bright solitons will
exist provided (48) and (53)–(55) hold.

3.2 Power law nonlinearity

For power law nonlinear media, F(s) = sn where
n represents power law nonlinearity factor. Thus, for
twin-core couplers, the NLSE [6–9,43]

iqt + aqxx + bqxt + c1|q|2nq = k1r, (58)

irt + arxx + brxt + c2|r |2nr = k2q. (59)

It must be noted that 0 < n < 2 for stability of solitons.
Additionally, n �= 2 to avoid self-focusing singularity.
Therefore, real part equation (32) is

(a − bv)B2 d
2Ul

dτ 2
+Ul

(
bωκ − ω − aκ2

)

+ cl U
2n+1
l − klUl = 0. (60)

Using the assumption

Ul(τ ) = λl cos
β(μτ), (61)

in Eq. (60), we obtain

(Ul)ττ = −μ2β2λl cos
β(μτ)

+μ2λlβ(β − 1) cosβ−2(μτ). (62)

Substituting Eqs. (61) and (62) into Eq. (60), we have

λl

{
−(a − bv)B2μ2β2+bωκ−ω − aκ2

}
cosβ(μτ)

+ λl(a − bv)B2μ2β(β − 1) cosβ−2(μτ)

+ clλ
2n+1
l cos(2n+1)β(μτ) − klλl cos

β(μτ) = 0.

(63)

Using the balance method, by equating the exponents
and the coefficients of cosK (·), we get
β(β − 1) �= 0, (64)

(2n + 1)β = β − 2, (65)

λl(a − bv)B2μ2β(β − 1) + clλ
2n+1
l = 0, (66)

λl

{
−(a − bv)B2μ2β2+bωκ−ω−aκ2

}
−klλl = 0.

(67)

Solving the system (Eqs. (64)–(67)) simultaneously,
we get the solution set

β = −1

n
, (68)

v = n2clλ2nl + (1 + n)aB2μ2

(1 + n)bB2μ2 , (69)

ω = (1 + n)aκ2λl − clλ
1+2n
l + (1 + n)klλl

(1 + n)λl(bκ − 1)
. (70)

Equating the speed of the solitons from the two com-
ponents implies

λ1

λ2
=
(
c2
c1

) 1
2n

, (71)
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which poses the constraint (48). Next, after equating
the two expressions for the soliton wave number the
relation

λ1λ2

(
c2λ

2n
2 − c1λ

2n
1

)
= (1 + n)

(
k2λ

2
1 − k1λ

2
2

)
. (72)

Finally, equating the two expressions for the soliton
speed v from (29) and (69) implies

B = ±
√

(1 − bκ)cl
(1 + n)μ2

(
b2ω − aκb − a

)nλnl , (73)

which implies

(1 − bκ)cl
(
b2ω − aκb − a

)
> 0. (74)

Consequently, we obtain the following singular peri-
odic solutions:

q(x, t) = λ1 sec
1
n

[√
(1 − bκ)c1

(1 + n)
(
b2ω − aκb − a

)nλn1

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]

ei(−κx+ωt+θ),

(75)

r(x, t) = λ2 sec
1
n

[√
(1 − bκ)c2

(1 + n)
(
b2ω − aκb − a

)nλn2

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]

ei(−κx+ωt+θ)

(76)

where ω is given by Eq. (70). This periodic solution
will exist provided the relations for (48) and (53)–(55).

It is easy to see that solutions (75) and (76) can
reduce to bright 1-soliton solutions

q(x, t) = λ1 sech
1
n

[√
(bκ − 1)c1

(1 + n)
(
b2ω − aκb − a

)nλn1

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]

ei(−κx+ωt+θ),

(77)

r(x, t) = λ2 sech
1
n

[√
(bκ − 1)c2

(1 + n)
(
b2ω − aκb − a

)nλn2

×
{
x −

(
bω − 2aκ

1 − bκ

)
t

}]

ei(−κx+ωt+θ)

(78)

where ω is given by Eq. (70). The bright solitons will
exist provided (48) and (53)–(55) hold.

3.3 Parabolic law nonlinearity

For parabolic law nonlinear media, the governing
NLSE is given by [6–9,43]

iqt + aqxx + bqxt +
(
ξ1|q|2 + η1|q|4

)
q = k1r,

(79)

irt + arxx + brxt +
(
ξ2|r |2 + η2|r |4

)
r = k2q.

(80)

The parameters ξl and ηl for l = 1, 2 represent the
coefficients of cubic and quintic nonlinear terms for the
two components. In this case, real part equation (32)
reduces to

(a − bv)B2 d
2Ul

dτ 2
+Ul

(
bωκ − ω − aκ2

)

+ ξlU
3
l + ηlU

5
l − klUl = 0. (81)

Balancing U ′′
l with U 5

l in Eq. (81), we have

N + 2 = 5N ⇔ 2 = 4N ⇔ N = 1

2
.

We then assume that Eq. (81) has the following formal
solution:

Ul(τ ) = Al (G (τ ))
1
2 , Al �= 0 (82)

where Al are constants to be determined later and G
satisfies

G ′(τ ) = δG(τ ) − G2(τ ). (83)

Thus, we obtain

(a − bv)B2
(
3

4
AlG

3
2 − AlδG

1
2 + δ2

4
Al

)

+ Al

(
bωκ − ω − aκ2

)
+ ξl A

3
l G

1
2

+ ηl A
5
l G

3
2 − kl Al = 0. (84)

Then, equating the coefficient of each power of G to
zero, we obtain a system of nonlinear algebraic equa-
tions and by solving it, we get

v = 4ηl A4
l + 3B2a

3B2b
, (85)

δ = − 3ξl
4A2

l ηl
, (86)

ω = 3ξ2l Al + 16Alaκ2ηl + 16klηl Al

16Alηl (bκ − 1)
(87)

where B, κ, Al , kl are arbitrary constants.
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Next, equating the two expressions for the soliton
wave number from (87) for l = 1, 2 gives

3A1A2

(
ξ21 η2 − ξ22 η1

)
= 16

(
k2A

2
1 − k1A

2
2

)
η1η2.

(88)

Equating the two expressions for the soliton speed v

from (85) implies

A1

A2
=
(

η2

η1

) 1
4

, (89)

which leads to

η1η2 > 0. (90)

The amplitudes of the solitons are given by the nonlin-
ear coupled system (88) and (89).

Finally, equating the two expressions for the soliton
speed v from (29) and (85) implies

B = ± 2A2
l

√
ηl (1 − bκ)

√
3
(
b2ω − abκ − a

) (91)

that compels

ηl (1 − bκ)
(
b2ω − abκ − a

)
> 0. (92)

Thus, we obtain the exact traveling wave solution of
Eqs. (79) and (80) as

q(x, t) =
{

− 3ξ1
8η1

[

1 ± tanh

(
ξ1

4

√
3(1 − bκ)

η1(b2ω − abκ − a)

×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(93)

r(x, t) =
{

− 3ξ2
8η2

[

1 ± tanh

(
ξ2

4

√
3(1 − bκ)

η2(b2ω − abκ − a)

×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(94)

which are dark 1-soliton solutions and

q(x, t) =
{

− 3ξ1
8η1

[

1 ± coth

(
ξ1

4

√
3(1 − bκ)

η1(b2ω − abκ − a)

×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(95)

r(x, t) =
{

− 3ξ2
8η2

[

1 ± coth

(
ξ2

4

√
3(1 − bκ)

η2(b2ω − abκ − a)

×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(96)

which are singular 1-soliton solutions, whereω is given
by Eq. (87).

3.4 Dual-power law nonlinearity

For dual-power lawnonlinearity, the governing coupled
NLSE is [6–9,43]

iqt + aqxx + bqxt +
(
ξ1|q|2n + η1|q|4n

)
q = k1r,

(97)

irt + arxx + brxt +
(
ξ2|r |2n + η2|r |4n

)
r = k2q.

(98)

The special case, for n = 1, is parabolic law nonlinear-
ity, discussed in the previous subsection. In this case,
real part Eq. (32) reduces to

(a − bv)B2 d
2Ul

dτ 2
+Ul

(
bωκ − ω − aκ2

)

+ ξlU
2n+1
l + ηlU

4n+1
l − klUl = 0. (99)

Balancing U ′′
l with U 4n+1

l in Eq. (99), we have

N + 2 = (4n + 1)N ⇔ 2 = 4nN ⇔ N = 1

2n
.

We then assume that Eq. (99) has the following formal
solution:

Ul(τ ) = AlG
1
2n (τ ) , Al �= 0 (100)

where Al are constants to be determined later and G
satisfies Eq. (83). Thus, we obtain

(a−bv)B2
{
1+2n

4n2
AlG

2− Alδ(1+n)

2n2
G+ δ2

4n2
Al

}

+ Al

(
bωκ − ω − aκ2

)
+ ξl A

2n+1
l G

+ ηl A
4n+1
l G2 − kl Al = 0. (101)
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Then, equating the coefficient of each power ofG to
zero, we obtain a system of nonlinear algebraic equa-
tions and by solving it, we get

v = 4n2ηl A
4n
l + (1 + 2n)B2a

(1 + 2n)B2b
, (102)

δ = − (1 + 2n)ξl

2(1 + n)A2nl ηl
, (103)

ω= (1 + 2n)ξ2l Al + 4(1 + n)2Alaκ2ηl + 4(1 + n)2klηl Al
4(1 + n)2Alηl (bκ − 1)

(104)

where B, κ, Al , kl are arbitrary constants.Next, equat-
ing the two expressions for the soliton wave number
from (104) for l = 1, 2 gives

(1 + 2n)A1A2

(
ξ21 η2 − ξ22 η1

)

= 4(1 + n)2
(
k2A

2
1 − k1A

2
2

)
η1η2. (105)

Equating the two expressions for the soliton speed v

from (102) implies

A1

A2
=
(

η2

η1

) 1
4n

, (106)

which remains valid provided

η1η2 > 0. (107)

The amplitudes of the solitons are given by the nonlin-
ear coupled system (105) and (106).

Finally, equating the two expressions for the soliton
speed v from (29) and (102) implies

B = ± 2nA2n
l

√
ηl (1 − bκ)

√
(1 + 2n)

(
b2ω − abκ − a

) (108)

for

ηl (1 − bκ)
(
b2ω − abκ − a

)
> 0. (109)

Thus, we obtain the exact traveling wave solution of
Eqs. (97) and (98) as

q(x, t) =
{

− (1 + 2n)ξ1

4(1 + n)η1

[

1 ± tanh

(
nξ1

2(1 + n)

√
(1 + 2n)(1 − bκ)

η1(b2ω − abκ − a)
×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2n
ei(−κx+ωt+θ),

(110)

r(x, t) =
{

− (1 + 2n)ξ2

4(1 + n)η2

[

1 ± tanh

(
nξ2

2(1 + n)

√
(1 + 2n)(1 − bκ)

η2(b2ω − abκ − a)
×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2n
ei(−κx+ωt+θ),

(111)

which are dark 1-soliton solutions and

q(x, t) =
{

− (1 + 2n)ξ1

4(1 + n)η1

[

1 ± coth

×
(

nξ1

2(1 + n)

√
(1 + 2n)(1 − bκ)

η1(b2ω − abκ − a)

×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2n

ei(−κx+ωt+θ),

(112)

r(x, t) =
{

− (1 + 2n)ξ2

4(1 + n)η2

[

1 ± coth

×
(

nξ2

2(1 + n)

√
(1 + 2n)(1 − bκ)

η2(b2ω − abκ − a)

×
(
x −

(
bω − 2aκ

1 − bκ

)
t

))]} 1
2n

ei(−κx+ωt+θ),

(113)

which are singular 1-soliton solutions, where ω is
given by Eq. (104).

4 Multiple-core couplers (coupling with nearest
neighbors)

The governing equation for twin- core couplers is given
by [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt + cl F

(
|q(l)|2

)
q(l)

= kl
[
q(l−1) − 2q(l) + q(l+1)

]
. (114)

where 1 ≤ l ≤ N .Equation (114) represents the general
model for optical couplers where coupling with nearest
neighbors is considered. Here, kl are, as before, the
coupling coefficients. In order to address this model for
the four forms of nonlinearmedia, the initial hypothesis
is taken to be

q(l)(x, t) = Pl (x, t)eiφ(x,t) (115)
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where the amplitude component of soliton is Pl (x, t)

while the amplitude component carries the same defin-
ition as in (18) or (19).After substituting this hypothesis
(115) into (114), the resulting expression is split into
real and imaginary components. The imaginary part
gives the speed of the soliton as

v = blω − 2alκ

1 − blκ
. (116)

The speed of the soliton stays the same irrespective
of the type of nonlinearity and type of solitons that is
going to be addressed. Next, the real part implies

al
∂2Pl
∂x2

+ bl
∂2Pl
∂x∂t

+ Pl
(
blωκ − ω − alκ

2
)

+ cl F(P2
l )Pl − kl

[
Pl−1 − 2Pl + Pl+1

] = 0.

(117)

Under the traveling wave transformation

Pl (x, t) = Ul (τ ), τ = B(x − vt) (118)

we have

(al − blv)B2 d
2Ul

dτ2
+Ul

(
blωκ − ω − alκ

2
)

+ cl F(U2
l )Ul − kl

[
Ul−1 − 2Ul +Ul+1

] = 0.

(119)

4.1 Kerr law nonlinearity

For Kerr law, the coupled NLSE modifies to [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt + cl |q(l)|2q(l)

= kl
[
q(l−1) − 2q(l) + q(l+1)

]
. (120)

For hypothesis given by (115) and (118), Eq. (120)
reduces to

(al − blv)B2 d
2Ul

dτ2
+Ul

(
blωκ − ω − alκ

2
)

+ cl U
3
l − kl

[
Ul−1 − 2Ul +Ul+1

] = 0. (121)

Using the assumption

Ul (τ ) = λl cos
β(μτ), (122)

in Eq. (121), we obtain

(Ul )ττ = −μ2β2λl cos
β(μτ)

+μ2λlβ(β − 1) cosβ−2(μτ). (123)

Substituting Eqs. (122) and (123) into Eq. (121), we
have

λl

{
−(al−blv)B2μ2β2+blωκ−ω − alκ

2
}
cosβ(μτ)

+ λl (al − blv)B2μ2β(β − 1) cosβ−2(μτ)

+ clλ
3
l cos

3β(μτ)−kl
(
λl−1−2λl+λl+1

)
cosβ(μτ)=0.

(124)

Using the balance method, by equating the exponents
and the coefficients of cosK (·), we get
β(β − 1) �= 0, (125)

3β = β − 2, (126)

λl (al − blv)B2μ2β(β − 1) + clλ
3
l = 0, (127)

λl

{
−(al − blv)B2μ2β2 + blωκ − ω − alκ

2
}

− kl
(
λl−1 − 2λl + λl+1

) = 0. (128)

Solving the system (Eqs. (125)–(128)) simultane-
ously, we get the solution set

β = −1, (129)

v = clλ
2
l + 2al B

2μ2

2bl B2μ2 , (130)

ω = 2alκ
2λl − clλ

3
l + 2kl

(
λl−1 − 2λl + λl+1

)

2λl (blκ − 1)
.

(131)

equating the two expressions for the soliton speed v

from (116) and (130) implies

B = ±
√√√
√

(1 − blκ)cl

2μ2
(
b2l ω − alκbl − al

)λl , (132)

which kicks in the constraint

(1 − blκ)cl
(
b2l ω − alκbl − al

)
> 0. (133)

Therefore, we obtain the following singular periodic
solution:

q(l)(x, t) = λl sec

[√
(1 − blκ)cl

2
(
b2l ω − alκbl − al

)λl

×
{
x −

(
blω − 2alκ

1 − blκ

)
t

}]

ei(−κx+ωt+θ),

(134)

where ω is given by Eq. (131).
It is easy to see that solution (134) can reduce to

bright 1-soliton solution as

q(l)(x, t) = λl sech

[√
(blκ − 1)cl

2
(
b2l ω − alκbl − al

)λl

×
{
x −

(
blω − 2alκ

1 − blκ

)
t

}]

ei(−κx+ωt+θ),

(135)
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where ω is given by Eq. (131).

4.2 Power law nonlinearity

For power law, the coupled NLSEmodifies to [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt + cl |q(l)|2nq(l)

= kl
[
q(l−1) − 2q(l) + q(l+1)

]
. (136)

In this case, Eq. (119) gives

(al − blv)B2 d
2Ul

dτ2
+Ul

(
blωκ − ω − alκ

2
)

+ cl U
2n+1
l − kl

[
Ul−1 − 2Ul +Ul+1

] = 0.

(137)

Using the assumption

Ul (τ ) = λl cos
β(μτ), (138)

in Eq. (137), we obtain

(Ul )ττ = −μ2β2λl cos
β(μτ)

+μ2λlβ(β − 1) cosβ−2(μτ). (139)

Substituting Eqs. (138) and (139) into Eq. (137), we
have

λl

{
−(a − bv)B2μ2β2 + bωκ − ω − aκ2

}
cosβ(μτ)

+ λl (a − bv)B2μ2β(β − 1) cosβ−2(μτ)

+ clλ
2n+1
l cos(2n+1)β(μτ)

− kl
(
λl−1 − 2λl + λl+1

)
cosβ(μτ) = 0. (140)

Using the balance method, by equating the exponents
and the coefficients of cosK (·), we get

β(β − 1) �= 0, (141)

(2n + 1)β = β − 2, (142)

λl (al − blv)B2μ2β(β − 1)

+ clλ
2n+1
l = 0, (143)

λl

{
−(al − blv)B2μ2β2 + blωκ − ω − alκ

2
}

− kl
(
λl−1 − 2λl + λl+1

) = 0. (144)

Solving the system (Eqs. (141)–(144)) simultane-
ously, we get the solution set

β = − 1

n
, (145)

v = n2clλ2nl + (1 + n)al B2μ2

(1 + n)bl B2μ2 , (146)

ω = (1 + n)alκ2λl − clλ
1+2n
l + (1 + n)kl (λl−1 − 2λl + λl+1)

(1+n)λl (blκ − 1)
.

(147)

Equating the two expressions for the soliton speed v

from (116) and (146) implies

B = ±
√

(1 − blκ)cl
(1 + n)μ2

(
b2l ω − alκbl − al

)nλnl , (148)

which forces

(1 − blκ)cl
(
b2l ω − alκbl − al

)
> 0. (149)

Hence, one recovers singular periodic solution:

q(l)(x, t) = λl sec
1
n

⎡

⎢
⎣

√√
√
√

(1 − blκ)cl

(1 + n)
(
b2l ω − alκbl − al

)nλnl

×
(
x −

{
blω − 2alκ

1 − blκ

)
t

}
⎤

⎥
⎦ ei(−κx+ωt+θ),

(150)

where ω is given by Eq. (147).
It is easy to see that solution (150) leads to bright

1-soliton solution:

q(l)(x, t) = λl sech
1
n

⎡

⎢
⎣

√√
√
√

(blκ − 1)cl

(1 + n)
(
b2l ω − alκbl − al

)nλnl

×
{
x −

(
blω − 2alκ

1 − blκ

)
t

}
⎤

⎥
⎦ ei(−κx+ωt+θ),

(151)

where ω is given by Eq. (147).

4.3 Parabolic law nonlinearity

In this case, the governing equation reduces to [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt +

(
ξl |q(l)|2 + ηl |q(l)|4

)
q(l)

= kl
[
q(l−1) − 2q(l) + q(l+1)

]
. (152)

where 1 ≤ l ≤ N . The real part equation therefore is

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ ξl U
3
l + ηl U

5
l − kl (Ul−1 − 2Ul +Ul+1) = 0.

(153)

We then assume that Eq. (153) has the following formal
solution:

Ul(τ ) = Al (G (τ ))
1
2 , Al �= 0 (154)

where Al are constants to be determined later and G
satisfies Eq. (83).
Thus, we obtain
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(al − blv)B2
(
3

4
AlG

3
2 − AlδG

1
2 + δ2

4
Al

)

+ Al

(
bωκ − ω − aκ2

)
+ ξl A

3
l G

1
2

+ ηl A
5
l G

3
2 − kl (Al−1 − 2Al + Al+1) = 0. (155)

Then, equating the coefficient of each power of G to
zero, we obtain a system of nonlinear algebraic equa-
tions and by solving it, we get

v = 4ηl A4
l + 3B2al
3B2bl

, (156)

δ = − 3ξl
4A2

l ηl
, (157)

ω = 3ξ2l Al+16Alalκ2ηl+16klηl (Al−1−2Al+Al+1)

16Alηl (blκ − 1)
(158)

where B, κ, Al , kl are arbitrary constants.
Equating the two expressions for the soliton speed

v from (116) and (156) implies

B = ± 2A2
l

√
ηl (1 − blκ)

√
3
(
b2l ω − alblκ − al

) (159)

as long as

ηl (1 − blκ)
(
b2l ω − alblκ − al

)
> 0. (160)

Thus, we obtain the exact traveling wave solution of
Eq. (152) as

q(l)(x, t) =
{

− 3ξl
8ηl

[

1 ± tanh

(
ξl

4

√
3(1 − blκ)

ηl(b2l ω − alblκ − al)

×
(
x −

(
blω − 2alκ

1 − blκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(161)

which is a dark 1-soliton solution and a singular 1-
soliton solution given by

q(l)(x, t) =
{

− 3ξl
8ηl

[

1 ± coth

(
ξl

4

√
3(1 − blκ)

ηl(b2l ω − alblκ − al)

×
(
x −

(
blω − 2alκ

1 − blκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(162)

where ω is given by Eq. (158).

4.4 Dual-power law nonlinearity

For dual-power law nonlinearity, the governing equa-
tion is [1–6]

iq(l)
t + alq

(l)
xx + blq

(l)
xt +

(
ξl |q(l)|2n + ηl |q(l)|4n

)
q(l)

= kl
[
q(l−1) − 2q(l) + q(l+1)

]
. (163)

where 1 ≤ l ≤ N . The real part equation therefore is

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ ξl U
2n+1
l +ηl U

4n+1
l −kl (Ul−1−2Ul+Ul+1) = 0.

(164)

We then assume that Eq. (164) has the following formal
solution:

Ul(τ ) = AlG
1
2n (τ ) , Al �= 0 (165)

where Al are constants to be determined later and G
satisfies Eq. (83). Thus, we obtain

(al−blv)B2
{
1+2n

4n2
AlG

2− Alδ(1+n)

2n2
G+ δ2

4n2
Al

}

+ Al

(
blωκ − ω − alκ

2
)

+ ξl A
2n+1
l G + ηl A

4n+1
l G2

− kl (Al−1 − 2Al + Al+1) = 0. (166)

Then, equating the coefficient of each power of G to
zero, we obtain a system of nonlinear algebraic equa-
tions and by solving it, we get

v = 4n2ηl A4n
l + (1 + 2n)B2al

(1 + 2n)B2bl
, (167)

δ = − (1 + 2n)ξl

2(1 + n)A2n
l ηl

, (168)
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ω = (1 + 2n)ξ2l Al + 4(1 + n)2Alalκ2ηl + 4(1 + n)2klηl (Al−1 − 2Al + Al+1)

4(1 + n)2Alηl (blκ−1)
(169)

where B, κ, Al , kl are arbitrary constants.
Equating the two values of the speed v from the

imaginary part equation (116) and real part equation
(167) gives the free parameter

B = ± 2nA2n
l

√
ηl (1 − blκ)

√
(1 + 2n)

(
b2l ω − alblκ − al

) (170)

which therefore induces the constraint

ηl (1 − blκ)
(
b2l ω − alblκ − al

)
> 0. (171)

Thus, we obtain the exact traveling wave solution of
Eq. (163) as

q(l)(x, t) =
{
− (1 + 2n)ξl

4(1 + n)ηl
[1 ± tanh

×
(

nξl

2(1 + n)

√
(1 + 2n)(1 − blκ)

ηl(b2l ω − alblκ − al)

×
(
x −

(
blω − 2alκ

1 − blκ

)
t

))]} 1
2n

ei(−κx+ωt+θ),

(172)

and

q(l)(x, t) =
{
− (1 + 2n)ξl

4(1 + n)ηl
[1 ± coth

×
(

nξl

2(1 + n)

√
(1 + 2n)(1 − blκ)

ηl(b2l ω − alblκ − al)

×
(
x −

(
blω − 2alκ

1 − blκ

)
t

))]} 1
2n

ei(−κx+ωt+θ),

(173)

which are dark and singular 1-soliton solutions respec-
tively, where ω is given by Eq. (169).

5 Multiple-core couplers (coupling with all
neighbors)

The governing equation for multiple-core couplers,
where coupling is with all neighbors is [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt + cl F

(
|q(l)|2

)
q(l)

=
N∑

m=1

klmq
(m). (174)

where 1 ≤ l ≤ N and klm represents the coupling
coefficient with all neighbors. The solution hypothesis
is taken to be the same as given by (115). Substituting
this hypothesis into (174) and again splitting into real
and imaginary parts, one obtains the same speed of
solitons, as in (116), that is valid for all types of solitons
in all nonlinear media considered in this paper. The real
part equation now is

al
∂2Pl
∂x2

+ bl
∂2Pl
∂x∂t

+ Pl
(
blωκ − ω − alκ

2
)

+ cl F(P2
l )Pl −

N∑

m=1

klm Pm = 0. (175)

Under the traveling wave transformation

Pl(x, t) = Ul(τ ), τ = B(x − vt) (176)

we have

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ cl F(U 2
l )Ul −

N∑

m=1

klmUm = 0. (177)

5.1 Kerr law nonlinearity

For Kerr law, governing equation is [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt + cl |q(l)|2q(l)

=
N∑

m=1

klmq
(m). (178)

The real part equation (177) therefore reduces to

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ cl U
3
l −

N∑

m=1

klmUm = 0. (179)

Using the assumption

Ul(τ ) = λl cos
β(μτ), (180)

in Eq. (179), we obtain

(Ul)ττ = −μ2β2λl cos
β(μτ)

+μ2λlβ(β − 1) cosβ−2(μτ). (181)
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Substituting Eqs. (180) and (181) into Eq. (179), we
have

λl

{
−(al − blv)B2μ2β2 + blωκ − ω − alκ

2
}
cosβ(μτ)

+ λl (al − blv)B2μ2β(β − 1) cosβ−2(μτ)

+ clλ
3
l cos

3β(μτ) −
N∑

m=1

klmλm cosβ(μτ) = 0. (182)

Using the balance method, by equating the exponents
and the coefficients of cosK (·), we arrive at
β(β − 1) �= 0, (183)

3β = β − 2, (184)

λl(al − blv)B2μ2β(β − 1) + clλ
3
l = 0, (185)

λl

{
−(al − blv)B2μ2β2 + blωκ − ω − alκ

2
}

−
N∑

m=1

klmλm = 0. (186)

Solving the system (Eqs. (183)–(186)) simultane-
ously, we get the solution set

β = −1, (187)

v = clλ2l + 2al B2μ2

2bl B2μ2 , (188)

ω = 2alκ2λl − clλ3l + 2
∑N

m=1 klmλm

2λl(blκ − 1)
. (189)

equating the two expressions for the soliton speed v

from (116) and (188) implies

B = ±
√

(1 − blκ)cl
2μ2

(
b2l ω − alκbl − al

)λl , (190)

which leads to the integrability criteria

(1 − blκ)cl
(
b2l ω − alκbl − al

)
> 0. (191)

Consequently, a singular periodic solution is recovered:

q(l)(x, t) = λl sec

⎡

⎢
⎣

√√
√
√

(1 − blκ)cl

2
(
b2l ω − alκbl − al

)λl

×
{
x −

(
blω − 2alκ

1 − blκ

}
t

)
⎤

⎥
⎦ ei(−κx+ωt+θ),

(192)

where ω is given by Eq. (189).

It is easy to see that solution (192) reduces to bright
1-soliton solution:

q(l)(x, t) = λl sech

⎡

⎢
⎣

√√
√
√

(blκ − 1)cl

2
(
b2l ω − alκbl − al

)λl

×
{
x −

(
blω − 2alκ

1 − blκ

)
t

}
⎤

⎥
⎦ ei(−κx+ωt+θ),

(193)

where ω is given by Eq. (189).

5.2 Power law nonlinearity

For power law, the coupled NLSEmodifies to [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt + cl |q(l)|2nq(l) =

N∑

m=1

klmq
(m).

(194)

Therefore, the real part equation reduces to

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ cl U
2n+1
l −

N∑

m=1

klmUm = 0. (195)

Using the assumption

Ul(τ ) = λl cos
β(μτ), (196)

in Eq. (196), we obtain

(Ul)ττ = −μ2β2λl cos
β(μτ)

+μ2λlβ(β − 1) cosβ−2(μτ). (197)

Substituting Eqs. (196) and (197) into Eq. (195), we
have

λl

{
−(al−blv)B2μ2β2+blωκ − ω − alκ

2
}
cosβ(μτ)

+ λl(al − blv)B2μ2β(β − 1) cosβ−2(μτ)

+ clλ
2n+1
l cos(2n+1)β(μτ)−

N∑

m=1
klmλm cosβ(μτ)=0.

(198)

Using the balance method, by equating the exponents
and the coefficients of cosK (·), we get
β(β − 1) �= 0, (199)
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(2n + 1)β = β − 2, (200)

λl(al − blv)B2μ2β(β − 1) + clλ
2n+1
l = 0, (201)

λl

{
−(al − blv)B2μ2β2 + blωκ − ω − alκ

2
}

−
N∑

m=1

klmλm = 0. (202)

Solving the system (Eqs. (199)–(202)) simultane-
ously, we get the solution set

β = − 1

n
, (203)

v = n2clλ
2n
l + (1 + n)al B

2μ2

(1 + n)bl B2μ2 , (204)

ω = (1 + n)alκ
2λl − clλ

1+2n
l + (1 + n)

∑N
m=1 klmλm

(1 + n)λl (blκ − 1)
.

(205)

Equating the two expressions for the soliton speed v

from (116) and (204) implies

B = ±
√

(1 − blκ)cl
(1 + n)μ2

(
b2l ω − alκbl − al

)nλnl , (206)

whenever

(1 − blκ)cl
(
b2l ω − alκbl − al

)
> 0. (207)

Thus, the singular periodic solution is given by

q(l)(x, t) = λl sec
1
n

⎡

⎢
⎣

√√√
√

(1 − blκ)cl

(1 + n)
(
b2l ω − alκbl − al

)nλnl

×
{
x −

(
blω − 2alκ

1 − blκ

)
t

}]

ei(−κx+ωt+θ),

(208)

where ω is given by Eq. (205).
Additionally, bright 1-soliton solution retrievable is:

q(l)(x, t) = λl sech
1
n

⎡

⎢
⎣

√√√
√

(blκ − 1)cl

(1 + n)
(
b2l ω − alκbl − al

)nλnl

×
{
x −

(
blω − 2alκ

1 − blκ

)
t

}]

ei(−κx+ωt+θ),

(209)

where ω is given by Eq. (205).

5.3 Parabolic law nonlinearity

In this case, the governing equation reduces to [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt +

(
ξl |q(l)|2 + ηl |q(l)|4

)
q(l)

=
N∑

m=1

klmq
(m), (210)

where 1 ≤ l ≤ N . The real part equation therefore is

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ ξl U
3
l + ηl U

5
l −

N∑

m=1

klmUm = 0. (211)

We then assume that Eq. (211) has the following formal
solution:

Ul(τ ) = Al (G (τ ))
1
2 , Al �= 0 (212)

where Al are constants to be determined later and G
satisfies Eq. (83). Thus, we obtain

(al − blv)B2
(
3

4
AlG

3
2 − AlδG

1
2 + δ2

4
Al

)

+ Al

(
bωκ − ω − aκ2

)

+ ξl A
3
l G

1
2 + ηl A

5
l G

3
2 −

N∑

m=1

klm Am = 0. (213)

Then, equating the coefficient of each power of G to
zero, we obtain a system of nonlinear algebraic equa-
tions, and by solving it, we get

v = 4ηl A4
l + 3B2al
3B2bl

, (214)

δ = − 3ξl
4A2

l ηl
, (215)

ω = 3ξ2l Al + 16Alalκ2ηl + 16ηl
∑N

m=1 klm Am

16Alηl (blκ − 1)
(216)

where B, κ, Al , klm are arbitrary constants.
Equating the two expressions for the soliton speed

v from (116) and (214) implies

B = ± 2A2
l

√
ηl (1 − blκ)

√
3
(
b2l ω − alblκ − al

) (217)

for

ηl (1 − blκ)
(
b2l ω − alblκ − al

)
> 0. (218)
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Thus, we obtain the exact traveling wave solution of
Eq. (210) as

q(l)(x, t) =
{

− 3ξl
8ηl

[

1 ± tanh

×
(

ξl

4

√
3(1 − blκ)

ηl(b2l ω − alblκ − al)

×
(
x −

(
blω − 2alκ

1 − blκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(219)

and

q(l)(x, t) =
{

− 3ξl
8ηl

[

1 ± coth

×
(

ξl

4

√
3(1 − blκ)

ηl(b2l ω − alblκ − al)

×
(
x −

(
blω − 2alκ

1 − blκ

)
t

))]} 1
2

ei(−κx+ωt+θ),

(220)

which are dark and singular 1-soliton solutions respec-
tively, where ω is given by Eq. (216).

5.4 Dual-power law nonlinearity

For dual-power law nonlinearity, the governing equa-
tion is [6–9,43]

iq(l)
t + alq

(l)
xx + blq

(l)
xt +

(
ξl |q(l)|2n

+ ηl |q(l)|4n
)
q(l) =

N∑

m=1

klmq
(m). (221)

where 1 ≤ l ≤ N . The real part equation therefore is

(al − blv)B2 d
2Ul

dτ 2
+Ul

(
blωκ − ω − alκ

2
)

+ ξl U
2n+1
l + ηl U

4n+1
l −

N∑

m=1

klmUm = 0. (222)

We then assume that Eq. (222) has the following formal
solution:

Ul(τ ) = AlG
1
2n (τ ) , Al �= 0 (223)

where Al are constants to be determined later and G
satisfies Eq. (83). Thus, we obtain

(al − blv)B2
{
1+2n

4n2
AlG

2− Alδ(1+n)

2n2
G+ δ2

4n2
Al

}

+ Al

(
blωκ − ω − alκ

2
)

+ ξl A
2n+1
l G + ηl A

4n+1
l G2 −

N∑

m=1

klm Am = 0.

(224)

Then, equating the coefficient of each power of G to
zero, we obtain a system of nonlinear algebraic equa-
tions, and by solving it, we get

v = 4n2ηl A4n
l + (1 + 2n)B2al

(1 + 2n)B2bl
, (225)

δ = − (1 + 2n)ξl

2(1 + n)A2n
l ηl

, (226)

μ = 0, (227)

ω = (1 + 2n)ξ2l Al + 4(1 + n)2Alalκ2ηl + 4(1 + n)2ηl
∑N

m=1 klm Am

4(1 + n)2Alηl (blκ − 1)

(228)

where B, κ, Al , klm are arbitrary constants.
Next, equating the two values of the speed v from the

imaginary part Eq. (116) and real part equation (225)
gives the free parameter

B = ± 2nA2n
l

√
ηl (1 − blκ)

√
(1 + 2n)

(
b2l ω − alblκ − al

) (229)

as long as

ηl (1 − blκ)
(
b2l ω − alblκ − al

)
> 0. (230)

Thus,we recover exact dark and singular 1-soliton solu-
tions of Eq. (221), respectively, as

q(l)(x, t) =
{

− (1 + 2n)ξl

4(1 + n)ηl

[

1 ± tanh

×
(

nξl

2(1 + n)

√
(1 + 2n)(1 − blκ)

ηl(b2l ω − alblκ − al)

× (x − vt))]} 1
2n ei(−κx+ωt+θ), (231)

and

q(l)(x, t) =
{

− (1 + 2n)ξl

4(1 + n)ηl

[

1 ± coth

×
(

nξl

2(1 + n)

√
(1 + 2n)(1 − blκ)

ηl(b2l ω − alblκ − al)

× (x − vt))]} 1
2n ei(−κx+ωt+θ), (232)

where ω is given by Eq. (228).

123



1948 M. Mirzazadeh et al.

6 Conclusions

This paper secures soliton solutions to nonlinear direc-
tional couplers that come with four forms of nonlin-
earity. They are Kerr law, power law, parabolic law
and dual-power law. There are two integration schemes
adopted in this paper. These lead to bright soliton solu-
tion (for Kerr and power laws only) as well as dark and
singular soliton solutions (for parabolic anddual-power
laws of nonlinearity). The appropriate constraint con-
ditions are enumerated that secures existence of these
solitons. Additionally, for Kerr and power laws, sin-
gular periodic solutions are obtained as a by-product
since these give periodic blow-ups. The results of this
paper come with a lot of scope and hope.

Later, several perturbation terms will be taken into
account, and thus, the governing equation will be
extended which will lead to soliton solutions with
a generalized structure. These results are awaited at
this time although it is on the horizon. Additionally,
numerical simulations will be carried out using several
advanced techniques such as pseudospectral approxi-
mations, Jacobi-tau approximations, shifted Legendre
polynomials, collocation method and others [2–5,13].
These results will soon be available and reported.
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