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This paper employs extended trial equation method to retrieve nematicons in liquid
crystals from its governing equation. In addition, several other forms of solution naturally
emerged from the integration algorithm. These are shock waves, singular solitons, snoidal
waves, periodic singular waves, plane waves and others. These variety of solutions are
being reported for the first time in the context of liquid crystals.
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1. Introduction

While solitons in nonlinear optical fibers, crystals, metamaterials and metasur-
faces are well studied and have received a lot of attention, it is equally impor-
tant to study these soliton molecules in liquid crystals™2U Here, these solitons
have a special name which is nematicons that was first coined by Assanto. T This
paper obtains exact solutions to the governing model to retrieve nematicons. The
methodology, adopted in this paper, is the extended trial equation.2228 There are
a variety of integration schemes that are applied to solve such nonlinear evolution
equations. It must be noted that exact expressions for nematicons were not
available till 20152 The model was therefore studied, till then, numerically as well
as analytically using the variational principle, where a hypothesis for these nemati-
cons was picked T The exact expression for nematicons along with its conserved
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quantities was first obtained by the method of undetermined coefficients during
2015210 There are four laws of nonlinearity considered in this paper. They are Kerr
law, power law, parabolic and dual-power law. This paper details, in the next four
sections, extraction of solitons and other solutions in liquid crystals. These addi-
tional forms of waves, obtained in this paper, are plane waves, shock waves, singular
solitons, singular periodic waves and others.

1.1. Gowverning equation

The dynamics of solitons in liquid crystals, in dimensionless form, is governed by
the following coupled system of equationdTH2L:

iqs + aqze +brqg =0, (1)
CTlpx —|—)\7‘—|—ozF(|q|2) =0. (2)

In ([I) and (@), the variables ¢(z,t) represent the wave profile, while the second
dependent variable r(z,t) is the angle of tilt of the liquid crystal molecule. The first
term in () represents temporal evolution of nematicons, while the second term is
the group velocity dispersion (GVD). Also, « is the coefficient of nonlinear term.
The functional F' is the type of nonlinearity that will be studied. Moreover, a, b, ¢, A
and « are all constants.

In order to analyze and solve equation pair (1) and (2), the solution hypothesis
chosen in phase-amplitude format is

q(z,t) = P(§) exp(io), (3)
and
r(z,t) = Q(&), (4)
where £ = B(xz — vt) and the phase ¢(x,t) is given by
¢ =—kKkr+wt+0. (5)

Here, « is the soliton frequency, while w is the wave number of the soliton and 6
is a phase constant. Substituting @) and ) into () and ) and then decomposing
into real and imaginary parts gives

dP
—(v+ 2an)BE =0 (6)
from the imaginary part that leads to the speed of the soliton being
v = —2ak. (7)
Next, the real part equation simplifies to
9 o d*P
—(w+ ak®)P +aB d—§2—|—bPQ=O, (8)
while (@) leads to
d2
chd—g +AQ + aF(P?) =0 (9)
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Soliton solutions will now be derived for four forms of nonlinearity for the func-
tions F'. These are sequentially discussed in the following sections.

2. Kerr Law

This is the simplest form of nonlinearity that is studied in the context of nonlin-
ear optics. In this case, the refractive index of light is intensity-dependent. This
formulates the so-called Kerr law. For such law,

F(s) =s. (10)
Equation (@) for Kerr law nonlinearity reduces to
Crez + A+ alg|? = 0. (11)
In this case, Eq. (0) simplifies to
cB?Q" 4+ \Q + aP% = 0. (12)

By extended trial equation method 2226l this section will retrieve bright, dark and
singular soliton solutions in liquid crystals that are governed by Egs. (I)) and ([ITJ).

To start with the extraction of solutions to (&) and (I2), the following assump-
tion for the soliton structure is made:

S
P=>Y nv, (13)
i=0

Q= i N (14)
i=0

where

_ W) peVT A APt
CTW) XU xa¥ o
Using the relations (IJ)- (), we can derive the terms (P’)%,(Q")?, P” and Q" as
follows:

(15)

< 2
(P')? = % (; mw“) , (16)

N2 (v d .~ i—1 i
Q") Z%\P%(Zgzn\l/ ) , (17)

and

y o P(W)Y(Y) = (WYY (i
P’ = PP (;mqf 1)

+ % (Z@(z — 1)71«111‘2)7 (18)

=0
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o PWT(Y) — @@)r(D) (Z q,>

272() —
() (N~ a2
+ () (; i(i — 1)1V ), (19)

where ®(¥) and YT (W) are polynomials of W. We can reduce Eq. ([{3) to the ele-
mentary integral form as follows:
\Il
2
S/ ey (20)
Using the balance principle, one ﬁnds that

c=¢=0—p—2. (21)

+ (€ —¢%)=

Case 1. When 0 =3, p=0and ¢ =¢ =1 in Eq. 1), we have

P=1n+nVY, (22)

Q=70+71Y, (23)
U2 4 21,

pr_ T (3us ;‘Xoﬂz + 1) , (24)
71 (Bus U2 4 205

Q" = 71 (3p3 ;-XOM + ,u1), (25)

where u3 # 0 and xo # 0. Substituting (22)—(23]) into Eqgs. () and ([I2), and solving
the resulting system of algebraic equations, we obtain

B 2bxoTo(aTiTo + ATE)

Mo = Ko, M1 =

2~ )
aoT{ T B2
[y = on(QOzT127~'0—|-/\7~'12) g = 2bx0T1
2 = 2 12 ) 3 — = 2
aoti B 3aB (26)
Xo=Xo, T =T, To=To, T1=T1,
- 7'1’7:0 - CLO(T12 o 2 b)\7~'12
== = 75> = —ar” — 5 -
T1 b7y QT

Substituting these results into Eqs. ([[B) and @), we find that
dv
F(E—g&) =y [ -2 27
(€)= VIl [ (27)

where

Prgey By B0 gy = X0
M3 M3 ps’ M3
Consequently, one recovers the traveling wave solutions to (I) and (II) as

follows:

A(D) = 03 + (28)
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When A(U) = (U — \p)3,

q(z,t) = {7’0 +nh+ e f;;% — 60}2}
< exp [ {_m - ( n bf) - 9}] (20)
r(xz,t) = {%0 + 7+ G f;% i } (30)

‘When A(\I’) = (\I/ — /\1)2(\11 — )\2) and \g > )\1,

q(z,t) = {To +7idg + 71 (A1 — A2) tanh? (2 /\1W A2 [B(z + 2art) — fo])}
1

o e (w2 )] -

r(xz,t) = {%0 + 7o + 71 (A1 — Ag) tanh? ( AL = A2 [B(z + 2art) — go]>}.
2V

When A(\I/) = (‘I/ — )\1)(‘1/ — )\2)2 and A\ > )\27

q(z,t) = { 70 + A1 4+ 71 (A1 — Ag)cosech? B\/ A1 — Ao (x + 2axt)
2 Wy
~2
X exp [z {—mc - (a/i + oAy ) t+ 9}] (33)
arf
r(z,t) = {%0 + 1A + 71 (A1 — Ag)cosech? (g\/ )\IW Az (x+ 2amt)>}. (34)
1

‘When A(\I’) = (\I/ — /\1)(\11 /\2 v — /\3 and A\; > g > /\3,

1
q(x,t) = {To—|—7'1)\3—|—7'1 (A2 — Ag)s ( F3 B(x—|—2a/£t)—§g},l>}
72
i
o2
i

xexp[i{ mc—(cm + >t+0}] (35)
r(x,t)z{To—Fﬁ)\g—FTl(/\g—)\g ( %,/ Bl + 2axt) — go},z>},

(36)

where
A2 — A3

1% = .
A1 — A3
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Note that A; (i = 1,2, 3) are the roots of the polynomial equation
A(T) = 0. (38)

When 19 = =11\, 7o = —71 A1 and & = 0, the solutions @9)—(B4) can be reduced
to plane wave solutions

q(z,t) = {m}Qexp [Z {—m:— (cm + bfll ) t+9H (39)

~ 2
Ay
() = {m} ’ 40)

nematicon solutions

o) = {Cosh2 [31?;+ o } exp [2 {—mc - (cm + b/\;lzf) ‘ot GH :

— A/Q
ri@t) = {cosh2[31 (x + 2akt)] }7 (42)

and singular soliton solutions

oo ={ Vel (o 25) )], @

r@) = { sinh?[By (x + 2art)] }’ (44)

where

Ay =2ymWi, As=m(Ae— A1), As=7(A — A2),
Ay =2FEW1, Ay =7 — M), (45)

~ B B /A1 — )
As =T1(A1 — Aa), 3125\/ 1W1 2,

Here, As, /~12, As and /~13 are, respectively, the amplitudes of 1-soliton and singular
soliton, while By is the inverse width of the solitons. These solitons are valid for
71 > 0 and 7 > 0. Moreover, when 79 = —7m A3, 7o = —T1A3 and & = 0, Jacobi
elliptic function solutions ([B8) and (B4l can be simplified as

— ~2
q(z,t) = Aysn® [B (x + 2akt), Az )\3] exp [2 {—mc - (cm + bATY ) t+ GH
/\1 )\3 1

r(x7t) = A;;SHQ |:B ({E + 2(mt) il iz]7 (47)
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where

- ~1)B [A — A .
Ay =11(A2 = A3), Ay =T1(A2 — A3), Bj:( 2) 1W1 2 =2,3).

(48)

Remark 1. When the modulus [ — 1, the following shock wave solutions emerge:

~2

q(x,t) = Ay tanh®[B;(z + 2akt)] exp {z {—mc - <cm2 + b)\_7'21> t+ 9}]7 (49)
ari

r(x,t) = Ay tanh?® [B;(z + 2akt)), (50)

where /\1 = /\2.

Case 2. When 0 =4, p =0 and ¢ = ¢ = 2 in Eq. (21]), one recovers that

P=1+71Y+ 02 (51)
Q=7 +7Y+ 7R (52)
279 W)2 (1, U4 p3 2 U
(P')? = (11 + 2720)2 (g Ut + 302 + o2 + g +,uo)’ (53)
X0
74 27 W)2 (U4 p3 2 U
Q) = (71 + 27 W) % (g +M; + p2W® + g +Mo), (54)
0

(11 +2720) (4pa 03 + 3us W2 + 200V + p1q)
+47’2(/1,4\I’4 + M3\I’3 + /LQ\Ifz + 11U+ po)

P’ = 55
o ; (55)
(71 + 2720) (4pa 03 + 3us W2 + 200V + p1q)
+ 47 (g Ut + 1303 + po W2 + 1 U +
QH _ 2(/144 M3 H2 H1 /‘1’0)7 (56)

2Xo

where py # 0 and xo # 0. Substituting (BI)—(&8) into Egs. () and (I2), and solving
the resulting system of algebraic equations, we have the following results:

o ApoT1TaT2[beTi Ty — 673 (a\ + 2bety)]
M= T heriZ — 67227 (ak + 2bcto) + 487470 (ah + bero)

12007372 [beT T 4 273 (aX + 2bcTy )]

B2 = berfZ — 6722 (ah + 2bcTy) + 487270 (ah + bero)
o 32bCMOT1 T23’7~'22
Hs = bert72 — 6727272 (aX + 2bcTy) + 487570 (aX + bero)’
16bcpots 75
114 HoT2 T

 beriTy — 6rprgTa(a + 2bcTo) + 487370 (aA + berp)”
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_ 96acioTy 72 B?
Xo = bert72 — 6727272 (aX + 2bcTy) + 487570 (aX + bero)’
bers ™70 . TiT2 a(ck? + X)
= 5, To=—=— T1= y W= )
aTty T2 T2 c

Mo = fo, T1 =T, To=Ta, To=Tp, T2 =To.

Substituting these results into Eqs. (I5) and (20), we find that

av
i(§—§0)2W2 W;
where

AWy =t + BBy B2g2y Mg L 0 gy, X0
Ha Ha Ha Ha Ha

(58)

(59)

Integrating Eq. (B8) and taking & = 0, one obtains the traveling wave solutions to

Egs. () and () in the forms:

When A(U) = (U — \p)*,

oz t) = iTj ()\1 4 %)j exp [z {—mc _ Mt + eH (60)

= T + 2akxt
5 .
- Wa /
’/‘(J),t):ZTj (AliiB(x+2a/§t)> .
j=0

When A(\I/) = (‘I/ — )\1)3(\11 — )\2) and Ao > Ay,

B 2 ‘ AWZ (A2 — A1) !
q(z,t) = .ZT" </\1 + AWZ — [BM — M)z + 2cmt)]2>

2
X exp [Z {_m _alert AN, QH
C

& AWZ(Na — M) ’
r(z,t) = ZTJ <)\1 + IWZ = [BOy —a)(@ & 26mt)]2>

_ ‘ A2 — M
q(fL’,t) _ZTJ )\2+ |:B(A1—A2)
. exp | ———==

Wo

(z+ 2m>] 1

1750005-8
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A
X exp [ —KT — (cn” + ) —I—H}], (64)
c
J
Ay — A
’I" )\2 + )2\ ) - (65)
eXp W2 A —|—2am§)] -1
and
J
2
B _ AL — A2
et = 27 (M )
3=0 exp T(w +2akt)| — 1
2

X exp [z {—/m— Wt—kﬂ}], (66)

2
. A1 — Ao
) = | A+ 67
e ;JTJ 1 ex M(w—l—%mt) -1 o
Wa
When A(\I/) (‘I/ )\1) (\If )\2)(\11 — )\3) and Ay > A\ > )\3,
J
2
2(A1 — A2)( A — A
gla,t) =) 75 |\~ P = 2)Ch = )
=0 2M01 — X2 — Az + (A3 — o)
x cosh (B\/()\l —A2)(h = Ao) (x + 2am€)>
W
2
X exp {z {—KJ{,C - Mt + QH , (68)
c
J
2
r(x,t) = Z’ﬂ )\1 — 2()\1 — )\2)()\1 — )\3) . (69)
pardl 2M = A2 = A3+ (A3 — A2)

x cosh (B\/(Al _;{/2)()\1 — ) (z+ 2am€)>
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When A(T) = (T — \)(F — A)(T — Ag) (T — Ag) and A > Ao > A3 > Aa,
J

2
A —A2) (A — A
q(x,t) = ZTj )\2 + ( 1 2)2( 4 2)
j=0 A=A+ (M — )\4)Sn
LBV Y2 — A
v 2W2 = 4)($ + 2akt),l
I 2
X exp i{—/@x_ Mt—i_e}:l;
J
2
r(x,t) = Z AP (A1 — )\2)2()\4 —X2) |
§=0 A=A+ (M — )\4)Sn
LBV Y2 — A
\/ — 2W2 = 4)($ + 2akt),l

where

(A2 = A3) (M — M)

(A1 = A3) (A2 = \g)”

Note that A\; (i = 1,...,4) are the roots of the polynomial equation

A(T) = 0.

1> =

Remark 2. When the modulus [ — 1, singular soliton solutions fall out
J

(A1 = A2)(Ad = A9)
M—&+Q1A@mﬁ
BV )02 —N)

m%

r 2
« exp i{_m_ Mtw}],
C

2
q(x,t) = ZTj )\2
j=0

(x + 2cmt)]

2
_ A1 —A2)(As — A2
r(x,t) :ZTj )\2 — ( )( 2 ) s
) A — Ao+ ()\1 )\4) tanh
B A )( A2 — A
V- 2W2 2= M) (x + 2@/%)]

where )\3 = )\4.

1750005-10
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Remark 3. However, if [ — 0, the following periodic singular waves are listed:
J

2
AL —A2) (A — A
TCED Dt PYRt = Ae)0 = )
P Ar— A2+ (A1 — Ay)sin
By/(AM —A3)( A2 — A
x | & v 21/[2( 2= M) (x + 2am€)]
_ 2\
X exp i{—mx—wt—i—GH, (76)
¢
i
2
AL —A2) (A — A
r(z,t) = Z 7| A2+ s 2)( 24 2) , (77)
prd As— A2+ (A1 — \g) sin
By/ (M —A3) (A2 — M)
+ 2
X 2T, (x + 2akt)
where Ay = A3.
3. Power Law
For power law nonlinearity,
F(s)=s". (78)
In this case, Eq. () reduces to
Crez + Ar + alg|*" = 0. (79)
In this case, Eq. (B) simplifies to
cB*Q" + \Q + aP?" = 0. (80)
In order to obtain closed form solutions, we use the transformation
P=U} and Q=U2, (81)
that will reduce Egs. B) and (80) into the ordinary differential equations (ODEs)
2(2 — 2
—(w+ ar®)UE + aB? {%(U{F + EUlU{’} +bUUS =0, (82)
and
Ut + \U2Z + 2¢B*{(U5)? + U U} = 0. (83)

By extended trial equation method, Eqgs. (82) and (B3) will now be analyzed in the
remaining section for soliton and other solutions. Using the balance principle, one
finds that

. o—p—2
czcz%. (84)
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When 0 =4, p=0and ¢ =¢ =1 in Eq. (84), we have

Uy =1+nVY, (85)
Uy = 7o+ 1V, (86)
2 P E P2 U
(U2 = 7 (aV* + pz W + po W2 + 1y +M0)’ (87)
X0
72( 1, U4 P3 P2 s
(Ué)2 _ N (a0 + sV + poW= + U + ,uo)7 (88)
X0
44 U3 + 3us W2 + 215U
= 71 (4pa W2 + 33V + 29 +M1), (89)
2Xo
71 (4,02 + 31302 + 24,0
Ué/ — Tl( 4 + H;X + 2p2W + .U1>, (90)
0

where pg # 0 and xo # 0. Substituting (85)-(@0) into Eqgs. (82) and (&3)), collecting
the coefficients of ¥, and solving the resulting algebraic equations system, we have

the following results:

_ Xxo7E(2ariiE +3)7) _ 20mixofo T
Ho = 12¢70 B2 BT T gepr . 0T TR
XoTo(dardi2 4+ 3Aih) atixo 3b7(en®s? 4+ ))
= — s =TT o595y W=~
i 6¢7y B2 fa 6¢72B? art(2+n) (91)
Xo(datiF2 + M7t) 3ben?7
- ;0= — e,
p2 de7i B2 att(2 +n)

Xo =Xo, Ti1=T1, To=7To0, 7T1=T1.

Substituting these results into Eqs. ([[3) and (20), we find that

dv
F(E—C) =Wy | —= 92
(£ —&o) 3 AT) (92)
where
AW) =0 4 B2y K22 By O gy JXO (93)
Ha Ha Ha Ha Ha

Consequently, one recovers the traveling wave solutions to ([I) and ([9) as
follows:
When A(U) = (¥ — \p)4,

3

’7'1W3 "
t) = AL £
q(z,1) {To—f—ﬁ 1 B(J?—FQCLKIt)—fo}
) 3b7 (en?Kk? + \)
gy — 2\ T A 4
xexp[z{ K a2 1 n) t+64|, (94)

1750005-12
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- 2
- - 71 W3
t) = AL £ .
r@?) {TO A B(z + 2axt) — & } (95)

When A(\I/) = (‘I/ — )\1)3(\11 — )\2) and Ay > )\17

2

B 47’1W32(/\2 _)‘1) '
q(z,t) = {7’0 + 1A+ AW2 — (A — Ao)(B(x + 2ant) — foﬂ2 }

A7 W2(Ag — A1) 2
VT =00 = 2a)(Be + 2an0) — &) } - oD

r(x,t) = {%0 + T+

When A(T) = (T — A\)2(T — A\g)2,

3o

B 71 (A2 — A1)
q(x,t) =< T0+ TN+ Ny
exp (B(z + 2art) — &) | — 1
3
3071 (en?k? + A
X exp [i{—mc— %t—i—@}} (98)
2
r(z,t) = o+ Tid2 + P )\271()\2 —X) » (99)
exp | ———(B(x + 2axt) — &) | — 1
3
and
_ 71(A1 — A2)
q(z,t) = ¢ 10+ 1M1+ Y
exp (B(z + 2axt) — &) | — 1
3
~d¢ 02,2
X exp [z {—/m - %t + 9}], (100)
2
1A — A
r(a,t) = { To + A+ = Af( 1= ) (101)

exp | 222 (Blo + 2aw) — €0 —1

3

1750005-13
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When A(\I/) = (\If — )\1)2(\11 — )\2)(\11 — )\3) and Ay > A\ > )\3,

3o

2’7’1()\1 - )\2)()\1 - )\3)
2MA1 — A2 — A3 + (A3 — A2) cosh

q(x,t) =< 70+ TN —

By/(M = M) (A — A3)
X s (z+ Qamt)]
, 3b71 (en?k? + )
X exp |:Z {—FLLU - Wt + 9}:| s (102)

2%1()\1 — )\2)()\1 — )\3)

=L +ar— 103
rE ) = o A e O — Ay cosh (103)
B _ _
X \/()\1 A2)(M1 — As) (z+ 2am€)]
W3
When A(W) = (T — A)(T — A2) (¥ — A3) (¥ — A\y) and Ay > Ag > A3 > )y,
A=) (Ag — A
q(z,t) = <10+ 11 A2 + 1M 5 2) (s 2)
A — Ao + ()\1 — )\4)sn
£ YO =)0 =X gy ey
2W3
_ 3b7i(en?k? 4+ \)
X exp |:Z {-K]l‘ - Wt +6 y (104)
2
- T1(A1 = A2)(Aa — A2)
1) = Fo+ T + :
r@ ) =3 Fot At e e
VL= A3) (A2 — M)
=+ 2T, (B(x + 2akxt) — &),
(105)
where
2 = Qe ZA0) = A0) (106)

(A1 = A3)(A2 — Aq)
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Note that A; (i = 1,...,4) are the roots of the polynomial equation
A(T) = 0. (107)
When 79 = =11 A1, To = —T1 A1 and & = 0, the solutions ([@4)—(I03) can be reduced

to plane wave solutions

W3 }% [ { 307 (en?k2 + N)
A A B o

q(ac,t):{ Ble r 20 t+0H, (108)

att(2 +n)
- 2
B 71 W3
r(@t) = {iB(x+2amf)} ’ (109)
B AT W2 — A1) "
alw,t) = {4W32 “ B — \)(z + 2akt)2
) 307 (en?Kk2 + N)
X exp |:Z {-K]l‘ - Wf + 6 s (110)
B AR W2 (A2 — A1) ?
r@t) = {4W§ “ B\t — Aa)(z + 2akt)]2 (111)
singular soliton solutions
(e =) B\ — o) .
q(z,t) = {72 1 F coth T (x + 2akt)
. 3b7t(en?k? 4+ \)
X exp |:Z {-K]Qf - mt + 6 s (112)
72— A1) B\ — X\2) 2
r(z,t) = { 5 1 F coth W, (x + 2akt) , (113)
and nematicon solutions
o) = = .|
(Cy + cosh[By(x + 2akt)])w
. 3b7i(en?k? + N)
X exp |:Z {—HJ? - Wt + 6 y (114)
As
T(x7t) — { (Cl + COSh[B4(II? T QCLFLt)])z }’ (115)
where
- 2’7’1()\1 — )\2)()\1 — )\3) % T 2’7’1()\1 — )\2)()\1 — )\3) 2
A5 = 3 AS - 9
)\3 — )\2 /\3 - )\2
(116)
B4:B\/(/\1—)\2)()\1—)\3) o, = 2/\1—/\2—/\3'

W3 ’ A3 — A2
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Here, As and 25 are the amplitudes of the solitons, while By is the inverse width
of the solitons. These solitons are valid for 4 < 0 and 7y < 0. Moreover, when
7o = —m1A2 and & = 0, Jacobi elliptic function solutions (I04) and (I0H) can be
reduced as follows:

q(a,t) = o
| (C + sn? [B(x + 2akt) (A2 = Ag)(h = )\4)})721
’ ! T(Ar = Az)(A2 — Ag)
_ 3b7t(en?k? 4+ \)
X exp |:Z{—I€l‘— mt—l—&H, (117)
Ag
r(z,t) = 5 0 (118)
(A2 — Ag)(A1 — A4)
(Cg + sn? [Bj(x + 2akt), O = )\Z)()\Q — )\4)})
where
(M = X)) (A — Ag) . (T = A2) (A — o) g
AG—( S ) , A6—< N ); o)
Cy — i;i : ii’ B — (—1)’3\/0\;1/;3)\3)()\2 — )\4)7 (j = 5.,6).

Remark 4. When the modulus [ — 1, the following singular soliton solutions
emerge:

_ A6
q(z,t) = { (Cy + tanhQ[Bj (x + QaHt)])% }
7~_4 CTL2I€2
¢ e [2 {_M ~ %t + 9H7 (120)
Ag

et = { (Co + tanh®[B; (« + 2ant))? }

(121)

where \3 = A\4.

Remark 5. However, if [ — 0, singular periodic wave solutions are listed as

— A6
q(z,t) = { (Cy + sin2[Bj (+ 26““)])% }

) 3b7 (en?Kk? + \)
-k — ——————= 122
xexp[z{ KT a2 1 n) t+64|, (122)
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— 2{6
r@t) = { (Cs + sin?[B; (x + 2ant)])? } (123)

where /\2 = /\3.

4. Parabolic Law

For parabolic law set, the nonlinearity follows the form:

F(s) = c15 + co8?, (124)
where ¢; for [ = 1,2 are constants. Thus, Eq. (@) reduces to
Cree + M+ a(erlg]* + e2)q)*) = 0. (125)
In this case, Eq. (@) simplifies to
cB?Q" 4+ \Q + afc1 P? + o P*) = 0. (126)
In order to obtain closed form solutions, we use the transformation
P=U, and Q=U} (127)
that will reduce Eqgs. ([B) and (IZ86) into the ODEs
—(w+ ar®)Uy + aB*U] +bU, U3 = 0, (128)
and
a(ctUR + cUY) + NUZ + 2¢B*{(U})? + UxUY} = 0. (129)

By extended trial equation method, Eqgs. (IZ8) and (I29) will now be analyzed in
the remaining section for soliton and other solutions. Using the balance principle,
one finds that

oc—p—2
—
Let us take 0 =4, p=0 and ¢ =¢ =1 in Eq. ([30). Then, substituting the terms

in Egs. (3)-@9) into Egs. (128) and ([29), and solving the resulting system of
algebraic equations, we obtain

¢=¢= (130)

i X0%§(202a7'f7~'§ + 3crarFE + 3N
0= — )

12¢70 B2
= _Xofg(élczarfi'g + 3cratiF? + 3T
6¢77 B2 ’
i Xo(dcoari7E + cratiFE + A7)
2 = — -
4e7i B2 ’
2cza7{1X07~'0 CzanXO
M3 = ——QF5 =355 M4 = — 559
3ciiB? 6c7i B2’
~4 ~
3beTy T170
=—7 To= —=)
CoTy 1
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B 3b7[crar? + 7E(4ek? + N)]
4620sz

w = 3

X0 = Xo, Ti=T1, To=7T0, T1=TI. (131)

Substituting these results into Eqs. (IH) and (Z0), we find that

dv
F(E—C) =W, [ -2 132
(& —&o) 4 D) (132)
where
A(\I;):\I/4+@\I/3+&\P2+&\I’+@, W4=1/ﬁ~ (133)
7 Ha Ha Ha Ha

Consequently, one recovers the traveling wave solutions to () and (I25)) as follows:
When A(¥) = (T — )4,

q(z,t) = {7'0 + T £ L Ws }

B(x + 2akt) — &

~2 2 | =202
X exp {2 {—mc B (31)7’1 [cratf + 77 £4CI<J + )\)}) . GH a3
degary

~ 2
I T1Way
r(x,t) = {7’0 + T A £ B(IL‘ n QCmt) — fo} . (135)

When A(\I’) = (\I/ — )\1)3(\11 — )\2) and Ay > /\1,
47’1W42()\2 —/\1) }
4W42 — [()\1 — )\2)(3(1‘ + 20,:%15) — 50)]2

=2 2 | =202
X exp {z {—mc - <3b7—1 [cram + 7 £4Cﬁ il )\)}) t+ HH , (136)
desary

gl t) = {m bt

Y ™ 4P W2E(A2 — A1) 2
r(z,t) = {7’0 + 7+ AWZ = [\ — o) (B(z + 2art) — &)] } : (137)
When A(\I’) = (\I/ — )\1)2(\:[/ _ )\2)2’
q(z,t) = S 10+ T A2 + SV T1(A2 — A1)
exp [ 1 2(B(x+2amt)—§0)] -1
4
o {Z {_m - <3b?12[01m11;:§£4m2 u A)}) t—i—GH o (138)
Ty
2
r(x,t) =< To+T1A2 + SV %1(A2_)\1) , (139)
exp [ 1 2(B(x+2amt)—§0)] -1
4
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and
AL — A
gz, t) = <10+ 71\ + VDY (M 2)
exp [ LI (B(z + 2akt) — fo)] -1
4
220 72 4 72 (Aes
X exp {z {—m: - <3bT1 [ClaT14j;1£ ot /\)}) t+ HH, (140)
2Ty
2
T1( A — A
r(x,t) = § o+ T1A1 + SV 1 = 2) (141)
exp [ ! 2(B(J:+2a/£t)—§0)] -1
4
When A(\I/) = (‘I/ — )\1)2(\11 — )\2)(\11 — )\3) and Ay > Aoy > )\3,
271 (A1 — A2) (A1 — A
q(w,t) = S 10+ 71 A — m(h —2)( ~ As)
2A1 — Ao — A3+ (/\3 — )\2) cosh
B/ (M — X)) (M — A
X v 2)(M 3)(:c+2ant)]
Wy
220 o2 4 72 (A
< o H_m_ (Sbﬁ (107 +7'1£ ck +A)}) HQH’ (142)
degary
2
95 _ _
r(z,t) = { 7o+ A — f1lh = Ao)(ha — Xa) (143)
2M\1 — A2 — Az + (A3 — A2) cosh
B/ (M — X)) (M — A
X v 2)(M 3)(:c+2ant)]
Wy
When A(\I/) = (‘I/ — )\1)(\11 — )\2)(\:[/ — )\3)(\:[/ — )\4) and Ay > Ay > A3 > )\4,
T1(A1 — A2) (Mg — A2)
) = 10+ TiAg +
L R VS Wiy y vy e
VA= 23)(d2 — \y)
+ A (B(x + 2axt) — &),
3b72 72 + 72 (4ek? + A
X exp li{—mx— ( 71 [610/7'1 +7'14( cR® + )]>t+0} , (144)
4deoary
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T1(AM — A2) (A — A2)
A — Ao+ ()\1 — /\4)Sn2
VL= X3) (A2 = M)
2W,

r(x,t) =< To+ T+

+

(B(z + 2axt) — &o),1

(145)

where

A2 — A3)(A — A\y)
2= . 146
(A= A3) (A2 — M) (140)
Note that A; (i =1,...,4) are the roots of the polynomial equation

A(T) =0. (147)

When 79 = —71 A1, 7o = —71 A1 and & = 0, the solutions (I34)-(I43) can be reduced
to plane wave solutions

(z,t) = _ Wi
AxE = B(z + 2akt)
=9 2 =2 2
conl e (BT,
1
T1Wy °
- 47’1W42()\2 —/\1)
alr.1) = {4W42 “ B\ — M) (z + 2akt))2
~9 2, =2 2
X exp {z {—m: - (31)7-1 [6107’14;207;;4&465 i /\)}) t+ HH , (150)
1
B AFW2(Ag — A1) °
r@) = {4W42 “BOw - )@+ 2ant) f (151)
singular soliton solutions
_ m1(A2 — A1) B(M — A2)
q(z,t) = { 5 1 F coth 2T, (x + 2akt)
3b72 72 + 72 (4ek® + A
X exp lz {—m:— ( il [0107'10—;;1—4( it ) t—i—@} ; (152)
1
- 2
r(z,t) = {M (1 T coth [M(x + 2m>])} , (153)
2 2Wy
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and nematicon solutions

ale,t) = { Cs 1 cosh[;:(x T 2ant)]) }
- {Z {_m ) <3b%12[cla712 I )\)}) L GH -

4620sz
Az
= 1
’r(Jj,t) { (CS + COSh[B7(£U + 20,:“&15)})2 }7 ( 55)
where

A — 2’7’1()\1 - )\2)()\1 - )\3) g _ 2%1()\1 - )\2)()\1 - )\3) 2

7 )\3 — AQ ) 7 Ag — )\2 ) (156)
B — B\/()\l—/\g)(/\l—/\g) Co — 2)\1—)\2—)\3

7T = W4 I 3 — )\3 _ )\2 .

Here, A; and A7 are the amplitudes of the solitons, while By is the inverse width
of the solitons. These solitons are valid for 7 < 0 and 7 < 0. Moreover, when
70 = —T1A2 and & = 0, Jacobi elliptic function solutions (I44]) and ([43) can be
reduced as follows:

As
q(z,t) =
(A2 = A3) (Mt )]
Cy + sn? [B- T + 2akt),
! i ) (A — A3) (A2 — )\4)
=21 2 1 2204
X exp {z {—mc B (3()7’1 [cr7f —|—7'1£ ck? + /\)}) ‘it 0}} (157)
4degary
A
r(z,t) = 5 o o T [ (158)
C+sn2{B T + 2akt LS. 4})
( ! ( ) (A1 = A3)(A2 = A\4)
where
B Tl()\1—)\2)()\4—)\2) ~ (7M1= A2) (A — Aa) g
A8 — A8 - )
A1 — Mg AL — N\
| (159)
Mg — A2 (=1)By/(A1 — A3) (A2 — A1) .
C'4 )\1 — )\4a J 2W4 5 (.] 8a9)
Remark 6. When the modulus [ — 1, the following singular soliton solutions
evolve:
A
I S
Cy + tanh®[B;(x + 2akt)]

~2 2 22042
X exp {z {—m: 3 <3b7’1 [rati + 74 £4m + /\)}) - HH (160)

desary
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Ag
r(z,t) = 3 : (161)
(Cy + tanh®[B;(x + 2akt)])?
where \3 = A\4.

Remark 7. However, if [ — 0, periodic singular wave solutions are as follows:

_ A8
q(x,t) = {04 + sin2[Bj (7 + 2akt)] }

- {i{_m_ <3b%12[c1a712 —|—7~'12(4cn2—|—/\)}) HHH’ (162)

1
desary

r(@ ) = { (Cy + sin?[B;(z + 2akt)])? }7 (163)

where Ay = A3.

5. Dual-Power Law

For dual-power law, the nonlinearity is structured as

F(s) = c18" + ca5°", (164)
so that Eq. (@) modifies to
Tz + A+ aler|q*" + e2lg] ') = 0. (165)
In this case, Eq. () simplifies to
cB2Q" + \Q + a(c; P*" + ¢, P™) = 0. (166)
In order to obtain closed form solutions, we use the transformation
P=U} and Q="U2, (167)
that will reduce Egs. (8) and (I66) into the ODEs
—(w+ ar?)U? + aB? { 1;2”(U{)2 + %UlU{’} +bUUZ =0, (168)
and
alcrUE + cUL) + NUZ + 2¢B2{(U3)? + U UY Y = 0. (169)

By extended trial equation method, Egs. (IG8) and (I6Y) will now be analyzed in
the remaining section for soliton and other solutions. Using the balance principle,
one finds that

oc—p—2
—
Let us choose 0 = 4, p = 0 and ¢ = ¢ = 1 in Eq. (). Then, substituting the
terms in Egs. [3)—([[@) into Eqs. (I68) and ([I69), and solving the resulting system

¢=¢= (170)
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of algebraic equations, one recovers the following results:

XoTe [comf(aA(1 + n) + 4ben®7E) + 6becin® 7|

o= daccaT?TEB2(1 +n) )
X070 [e27 (aA(1 + 1) + 8ben®77 ) 4 6beein® 7]
e 2accotiT1 B2(1+ n) )
__Xo [c27E (aA(1 4 n) + 24ben?73) + 6beein®77]
" dacear{ B3 (1 +n) ’ (171)
4bn2xo7~'07~'1 bn2X07~_12 e
=, = T = L ,
H3 CLB2(1 +TL) Ha CLB2(1 +TL) 0 —7_1
Bhen A 6beein?7? + acyr?(1 -+ n)(den? £ )
acari (1) deeyn®7E(1 4 n)

Xo=Xo, T1L=T1, To=To, T1=T1.

Substituting these results into Eqs. [IH) and (20), we find that

dv
+ (€ — =W, S 172
(€ — &) 5 AD) (172)
where
AWy =ot 4 B3gs  B2g2y Py KO g JXO0 (173)
Ha Ha Ha Ha Ha

Consequently, one recovers the traveling wave solutions to (1) and (I6H) as
follows:
When A(U) = (U — \p)*,

71 Ws -
B(x + 2akt) — &

) 6bcein®7E + acam? (1 + n)(4den?k? + N)
—KT — t+0
X exp [2 { i ( 4ecan?tE(1+n) * '

q(z,t) = {To + 1A £

~ 2
R U 71 Ws
’/‘(J),t) = {7’0—|—7’1)\1:|: B(x+2a/$t)—§0} . (175)

When A(\I/) = (‘I/ — )\1)3(‘1/ — )\2) and Ay > )\17

47’1W52(/\2—)\1) }711
4W2 — [(M — X2)(B(z + 2akt) — &))?

) 6bccin?72 + acat2(1 4+ n)(4en?k2 + N)
—KT — t+6
X exp [z { KT ( 4cczn27'12(1 T n) + )

q(w,t) = {7'0 + 1A+

(176)
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A7 W2\ — A1) }2
4W52 — [()\1 — AQ)(B(:L' + QCLFLt) — fo)] ’

When A(¥) = (U — A)2(¥ — \y)2,

r(w,t) = {%o + RN+ (177)

3=

7'1()\2 - /\1)
(B(x + 2axt) — §0)] -1

q(z,t) = S 10+ T A+ Y

Ws

_ 6bcein?72 + acat (1 4 n)(den?k2 + N)
—KT — t+6
X exp [z { KT ( 4cczn27'12(1 T n) + )

exp {

(178)
2
r(z,t) = { 7o + A e + SR 1de — A : (179)
exp {g(B(x + 2akt) — fo)] -1
5
and
AL —A
q(@,t) = ¢ 7o+ 1AL + Y _)\Tl( 1= o)
exp {g(B(x + 2akt) — fo)] -1
5

, 6bccin?7E + acatE(1 + n)(den?k% + N)
—KT — t+6
X exp [z { KT ( decan?72(1+ n) + )

T1(A1 — A2)
(B(x + 2axt) — §0)] -1

r(z,t) = <70+ 71 A1 + Y

5

exp {

When A(\I/) = (‘I/ — )\1)2(\11 — )\2)(\11 — )\3) and Ay > Aoy > )\3,

3=

271(A1 — A2) (A1 — A3)
2M1 — Ao — A3+ (/\3 — )\2) cosh
By/ (M1 —X2) (M1 — A3)
Ws

_ 6bcein?72 + acat (1 4 n)(den?k2 + N)
—KT — t+6
X exp [z { KT ( 4cczn27'12(1 T n) + )

q(z,t) = <10+ 11 A1 —

X

(x + 2akt)

(182)
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2

27:1(/\1 — )\2)()\1 — /\3)
201 — Ao — A3 + (/\3 - /\2) cosh
By/ (A1 = X2) (M1 — A3)
Ws

r(z,t) = § 7o+ T1A1 — (183)

X

(x + 2am§)]

When A(\I/) = (‘I/ — )\1)(\11 — )\2)(\:[/ — )\3)(\:[/ — )\4) and Ay > Ay > A3 > )\4,

T1(A1 — A2) (A1 — A2)
Ay — Ao+ ()\1 — )\4)Sn2
VA= 23)(d2 — \y)
2W5

_ 6bcein®72 + acat? (1 4+ n)(4denk2 4 N)
—KT — t+6
X exp [z { KT ( 4cczn27'12(1 n) + )

q(z,t) = ¢ 170+ 11 A2 +

+

(B(z + 2axt) — &), l]

(184)
2
) ) 7:1(/\1 —/\2)()\4 _)\2)
r(z,t) = ¢ 7o+ T2 + Mot (g — Ag)sn? 7
L \/(/\1 — ;\%)/i/b —\) (B(x + 2axt) — &), l‘|
(185)
where
2 Qo= Ag)(h = A (186)

(A1 = A3)(A2 = M\4)
Note that A; (i = 1,...,4) are the roots of the polynomial equation
A(T) = 0. (187)
When 19 = =11 A1, To = —T1A1 and & = 0, the solutions (CZ4)—([I83]) can be reduced

to plane wave solutions

T Ws "
H=de 15
ata.t) { B(x—|—2am§)}

) 6bccin?72 + acat2(1 4+ n)(4en?k2 + N)
—KT — t+6
X exp [z { KT ( 4cczn27'12(1 T n) + )

(188)
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. 2

r(z,t) = {iB(aj—:—iM;imt)} ) (189)
_ 47’1W2(/\2 - )‘1) .

i) = | SF =B, eyt F 3P

222 2 2,2
« exp |i 4~z — 6bccin T{ + acaTy (21 +n)(den®k? + A) rroll,
decon?®12(1+n)

(190)

A7 W2(Ay — A1) }2
2y

r@t) = {4W52 B — Xa)(z + 2ant (191)

singular soliton solutions

, 6bcein®7E + acat? (1 + n)(den?k? + N)
« —h — t+0
P [z { e ( decan?7E (1 +n) + ’

() = {M (1 + coth [B();limg)\z)(x+2aﬁt)])}2, (193)

and nematicon solutions

— A9
Q(x7t) - { (05 + COSh[BIO(x + 2a"$t)])% }

_ 6bcein®7E + acam? (1 + n)(denk? + N)
X exp [z{—m:— ( Teoym?r2(1 1 n) t+405|,

(194)
Ay
t =
r@?) {(05 T+ cosh[Bro(z 1 2arD)])? } (195)
where
A _ 2’7’1()\1 — )\2)()\1 — )\3) % g _ 2%1()\1 — )\2)()\1 — )\3) 2
9 )\3 — )\2 ) 9 Ag — )\2 ) (196)
p BV ), 2
10 — W5 ) 5 — )\3 — )\2 .

Here, Ag and gg are the amplitudes of the solitons, while Byg is the inverse width
of the solitons. These solitons are valid for 4 < 0 and 7, < 0. Moreover, when
7o = —71A2 and & = 0, Jacobi elliptic function solutions (I84)) and (IRH) can be
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written as
A
ala, ) = IO(A WITSWITE:
2 | B. 9 2 — A3)A1 — A "
<C’6 +sn [ (@ + 2akt), a =)0 — )
) 6bcein?7E + acam? (1 + n)(den?k2 + N)
X exp [2 { KT ( Tecyn2r2(1 1 n) t+0;1,
(197)
r(z,t) = Alo(/\ o On TN [ (198)
w2 | B 9 2 = A3)(A1 — A4
<C’6 +sn [ (@ + 2akt), 1 =)0 — )
where
Ao — 71 (A1 — A2) (Mg — A2) g i A = A2) (A — M)\
10 = N ; 10 = N .
(199)
=X (BN N)Pe )
Co=31—y Bi= e . (j=11,12).

Remark 8. When the modulus | — 1, the following singular solitons are listed:

B Aqg
Q(‘r’ t) - { (06 + tanhQ [B7 (IIT + 2a"$t)])% }

. 6bccin?7E + acatE (1 + n)(4en?k2 + N)
—KT — t+6
X exp [2 { KT ( Teean?r2(1+ n) + )

(200)

_ Axo
ri@ ) = { (Cs + tanh?[B, (z + 2ant)])? } (201)

where \3 = A\4.

Remark 9. However, if [ — 0, periodic singular wave solutions are listed as

B Ao
q(z,t) = { (Co + sin2[Bj (z + 26““)])% }

) 6bcein®72 + acam? (1 + n)(den?k2 + N)
X exp [z{—m:— ( doean®r2(1 4 n) t+05],

(202)

B Ao
r@t) = { (Cs + sin?[B;(x + 2akt)])2 }7 (203)

where /\2 = /\3.
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6. Conclusions

This paper carried out a comprehensive study of nematicons in liquid crystals that
is considered with four forms of nonlinearity. The applied algorithm, namely the
extended trial equation method, gave way to several other forms of waves in addition
to nematicons. These are plane waves, shock waves, periodic singular waves, singular
solitons and snoidal waves. The special cases of these doubly periodic functions are
also listed based on the limiting value of the modulus of ellipticity. These plethora of
wave solutions in liquid crystals are being reported for the first time in the context
of liquid crystals. The results of this paper thus carry a lot of promise. The model
needs to be studied, amongst other forms, with time-dependent coeficients as well
as random coefficients. Such results are all awaited at this time.
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